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Abstract
Yang-Mills-Higgs theory, being the standard-model Higgs sector
for a suitable choice of gauge and custodial group, offers a rich set of
physics. In particular, in some region of its parameter space it has
QCD-like behavior, while in some other region it is Higgs-like. There-
fore, it is possible to study a plethora of phenomena within a single
theory. Here, the physics of the standard-model version is studied using
lattice gauge theory at a qualitative level. To this end, the low-lying
spectrum in several different channels is obtained for more than 160
different sets of bare parameters throughout the phase diagram. The
theory shows quite different behaviors in the different regions, from
almost Yang-Mills-like to the one of an essentially free gas of massive
photons. Especially, not always is the behavior as naively expected.
1 Introduction
Yang-Mills-Higgs theory, the combination of a non-Abelian gauge theory
with a fundamental scalar, called here for convenience the Higgs, yields a
rich theory. Furthermore, for gauge group SU(2) with two Higgs flavors,
i. e. SU(2) custodial symmetry, this is the Higgs sector of the standard
model. The primary aim of the present study is to get a basic qualitative
understanding of the physics of this theory by investigating its observable
particle spectrum at a qualitative level. A secondary aim is to search for
hints of reasonable stable states, which could eventually lead to unaccounted
for background in searches for new physics [1, 2]. The expectation and
motivation of this study will be discussed in more detail in section 3, but
here already a brief outline will be given.
The theory exhibits two quite different behaviors: Besides the prominent
Brout-Englert-Higgs (BEH) effect [3] this theory can also exhibit a QCD-
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like behavior. This includes confinement in the same sense as in QCD,
i. e. an intermediate distance linear-rising potential between fundamental
charges, as well as a mass gap [4, 5]. Moreover, surprisingly both types of
physics are not separated by a phase transition, at least when imposing a
finite lattice-cutoff as regulator [6, 7]. This has been confirmed by many
numerical investigations [8–12]. However, it is still not finally settled if this
theory is trivial [13]. If it should be, all results become potentially regulator-
dependent, including the statement about the phase structure. Especially,
if no continuum limit exists, the choice of lattice action can influence the
results. Though in the following this will not be mentioned again explicitly,
this should always be kept in mind. But here it will be assumed that for the
investigated low-energy physics this is only a minor quantitative effect.
It is then a long-standing question of how to characterize the two different
domains [6, 7, 14]. It is clear that they show quite different behaviors in
terms of the gauge-dependent correlation functions [3, 9, 12], and how they
relate to gauge-invariant degrees of freedom [1, 12, 15–18]. But it is not
so clear how this relates to gauge-invariant physics, though the transition
seems to leave a trace in the spectrum [10, 11].
Perturbatively, it is also expected that for weak gauge interactions the
Higgs-like domain can be separated in four different regions [3], with a Higgs
lighter than the W , heavier but stable, unstable but as a discernible reso-
nances above the two W threshold, and finally with a mass heavier than
roughly 1 TeV in a region of strong Higgs-Higgs interaction.
The aim of the present paper is to investigate the physics of this theory,
and hence also the previously mentioned expectations, qualitatively using
spectroscopical methods: The low-lying spectrum in several different quan-
tum number channels will be determined approximately at a multitude of
points in the quantum phase diagram. The aim is to get a rough picture of
the physics throughout the phase diagram, and to identify areas worthwhile
for a more quantitative investigation in the future. As will be seen, the naive
picture painted above is not fully reflected in our selection of points in the
phase diagram, if it is correct at all.
The methods and strategies used for this investigation are detailed in
section 2. There also the different spectroscopical channels will be discussed.
The phase diagram and its structure in the region relevant to this work
is briefly detailed in section 3. The main results in the different regions
are given in section 4, substantially extending known spectroscopy results
[4, 5, 8, 10, 11, 19–25] for this theory .
All of the present results are addressing bound states, which are inher-
ently non-perturbative. The obvious question is, of course, whether they
have relevance for the standard model. This question will be answered in
section 3. Of course, the present theory is not the standard model, and
especially dropping the fermions severely affects the running couplings [12].
Furthermore, without QED the 11 GeV mass splitting between the W and
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the Z vanishes. Hence, any result obtained here can at best at a semi-
quantitative level comparable. Furthermore, this makes it especially com-
plicated to define what a line-of-constant physics (LCP) would characterize
when comparing it to the standard model [12], and different choices, see e.
g. [24], can lead to quite different qualitative results.
This rather extensive study will then be wrapped up in section 5. Finally,
remarks on systematic errors are given in appendix A, and tables with the
numerical values of the results are compiled in appendix B.
This work extends the previous results presented in [1, 26, 27]1. There
is a companion paper, which addresses the gauge-dependent aspects of the
physics of this theory [12], which motivates several of the investigations in
section 4. In particular, there we discussed and checked in detail the rela-
tion between the masses of the gauge-dependent W and Higgs particles and
the corresponding gauge-invariant states in terms of the Fro¨hlich-Morchio-
Strocchi (FMS) mechanism [17, 18], as detailed in section 3, and for which
evidence in numerical lattice simulations was first obtained in [1].
We would like to emphasize again that our interest is the whole phase
diagram, not only those regions most relevant to the standard model physics.
We would like to understand which type of physics is encountered where in
the phase diagram, and what kind of trajectories in parameter/theory space
are present. The latter is particularly interesting for renormalization group
studies [28–30]. It is therefore necessary to have results on as many points as
possible, including those with small lattice cutoff, rather than to have (yet)
every point of the phase diagram as precise as possible. We therefore perform
only a qualitative study and accept larger systematic errors, especially by
choice of the lattice volume, in favor of are more comprehensive scanning of
the phase diagram. This choice of small volumes offers at the same time the
advantage of a better separation of scattering states [31], which improves
the background situation in the search for genuine resonances.
2 Technical details
2.1 Continuum setup
The theory to be investigated here consists of two flavors of scalar particles
φ coupled to a non-Abelian gauge field W , with the (Euclidean) action
L = −
1
4
W aµνW
µν
a + (Dµφ)
†Dµφ− γ(φφ†)2 −
m20
2
φφ† (1)
W aµν = ∂µW
a
ν − ∂νW
a
µ − gf
abcW bµW
c
ν
Dijµ = ∂µδ
ij − igW aµ τ
ij
a ,
1Note that in the proceedings [26, 27] the states 1−1 and 0
+
3 have been wrongly iden-
tified, and the corresponding results should be ignored.
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where g is the gauge-coupling, γ and m0 the parameters of the Higgs poten-
tial, and fabc and τa are the structure constants and generators of the gauge
group, respectively. In presence of the BEH effect the bare mass can also be
exchanged for a Higgs expectation value v in a suitable gauge, m20 = 2γv
2
[3]. The gauge group is chosen to be the weak isospin gauge group SU(2).
Hence, the complex doublet φ contains four real scalar degrees of freedom,
and the flavor symmetry acts as a SU(2) custodial symmetry. This flavor
symmetry appears to be intact throughout the phase diagram. It is therefore
convenient to make it explicit using the notation [32]
X =
(
φ1 −φ
∗
2
φ2 φ
∗
1
)
= (φ†iφi)
1
2ϕ. (2)
Gauge transformations act on this matrix as a left multiplication, while
flavor transformations act as a right multiplication. As given by the second
equality, this can be written as the length of the Higgs field multiplied by
an SU(2)-valued matrix ϕ, except at special points where the Higgs field
vanishes.
The parameters in the Lagrangian (1) are the bare ones, i. e. at the
ultraviolet cutoff, if one is introduced. This will be the (inverse) lattice
spacing a−1 below.
It is important to make a remark here concerning the naming conven-
tions. In this work, we will adhere strictly to the above prescribed naming
scheme of calling the (gauge-dependent) elementary fields Higgs and W ,
in accordance with the PDG [33], and the phenomenological language [3].
In contrast, based on the works [15–18], certain gauge-invariant composite
operators to be introduced below in section 2.3 have in the lattice litera-
ture been denoted as Higgs and W boson, for reasons discussed in [1] and in
section 3. Thus, one should be wary when comparing these different sources.
2.2 Creation of configurations
To perform lattice simulations of (1), the techniques described in [1, 12, 34,
35] will be used. For the sake of completeness, the details will be repeated
here.
Under the assumption that a naive lattice discretization of (1) captures
all the pertinent qualitative features of the theory, the starting point is the
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unimproved lattice action [36],
S = β
∑
x
(
1−
1
2
∑
µ<ν
ℜtrUµν(x)
)
+ φ†(x)φ(x) + λ
(
φ(x)†φ(x)− 1
)2
−κ
∑
µ
(
φ(x)†Uµ(x)φ(x+ eµ) + φ(x+ eµ)
†Uµ(x)
†φ(x)
)
(3)
Uµν(x) = Uµ(x)Uν(x+ eµ)Uµ(x+ eν)
+Uν(x)
+ (4)
Wµ =
1
2agi
(Uµ(x)− Uµ(x)
†) +O(a2) (5)
β =
4
g2
a2m20 =
(1− 2λ)
κ
− 8
λ = κ2γ.
In this expression a is the lattice spacing, Uµ the link variable exp(igaWµ),
φ again the Higgs field, the bare lattice couplings depend on the bare contin-
uum couplings in the described way, and eµ is the unit vector in µ direction.
The parameters β, κ, and λ are therefore the couplings at the lattice cut-off,
which is essentially given by 1/a, with the largest energy accessible being
4/a, corresponding to a momentum across the body-diagonal of the cubic
lattice of extension N in each direction.
Choosing a physical scale is not an entirely trivial issue, especially when
a consistent scale throughout the phase diagram should be implemented.
The simplest choice is to give the lightest state in the spectrum a fixed
mass. For the regions of the phase diagram investigated here, this is either
the 0+ flavor singlet or the 1− flavor triplet, obtained with the methods
described below in section 2.3. Due to the relation between the 1− triplet
and theW boson mass at the physical point [12], the most convenient choice
is, however, to always set the mass of the 1−3 ground state to 80.375 GeV.
Nonetheless, in general, all results will be given in lattice units or in the form
of dimensionless ratios, so this matters little. The set of lattice parameters
and the obtained lattice spacing used for the spectra is noted in each case
below, and also reported in the appendix B. Errors on these lattice spacings
are usually small, below 1%, and therefore not explicitly included in the
following.
The generation of configurations follows [12, 35]. For the gauge fields
a combination of one heat-bath and five-overrelaxation sweeps have been
used [34]. In between each of these 6 gauge fields updates one Metropolis
sweep for the Higgs field has been performed using a Gaussian proposal.
The width of the proposal is adaptively tuned to achieve a 50% acceptance
probability. This should balance the movement through configuration space
compared to the finding of relevant configurations. These updates have
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been performed lexicographically. These 12 sweeps together constitute a
single update for the field configuration. The auto-correlation time of the
plaquette is of the order of 1 or less such updates. Thus, N such updates
separate a measurement of a gauge-invariant observable, to reduce the auto-
correlation time. For the thermalization, 2(10N + 300) such updates have
been performed. Furthermore, all calculations involved many independent
runs, at least 25, to further reduce correlations.
All errors have been calculated using bootstrap with 1000 re-samplings
and give a, possibly asymmetric, 67.5% interval, i. e. approximately a 1σ
interval.
The code, including the one to determine the bound states in section 2.3,
has been checked, where available, by comparing to the results in [10, 20].
Throughout, symmetric lattices2 of size N4 = 244 have been used. Since
the main question here was to identify the ground-state spectrum, and pos-
sibly some low-lying further states, this is sufficient. A deeper analysis of
possible resonances will require more lattice volumes, and is under way for
the various regions in the phase diagram identified in the present paper.
We should note that, based upon the arguments of [17, 18], it is possi-
ble to perform a variable transformation into a theory described by gauge-
invariant variables [10, 20], though this incurs the danger of topological
defects [12]. Based upon these variables it is possible to develop a pertur-
bative expansion [38–40], which in principle could also be used to estimate
several parameters of the theory. However, this reformulation includes a
Jacobian, which is neglected in the perturbative expansion, but creates in
general an infinite series of additional tree-level terms. Its neglect is a good
approximation when the Higgs fluctuations are small compared to its expec-
tation value, and therefore well suited when addressing standard-model-like
physics. Here, with the focus widened to the full phase diagram, this may
no longer be a good approximation in general, and would have to be checked
for every point separately, therefore requiring the calculations anyway. It is
hence not done.
2.3 Bound states
The central observables in the following will be the spectrum in channels of
different quantum numbers. The channels investigated are 0+1 , 0
−
1 , 1
−
3 , and
2+1 , where the J
P
f quantum numbers give the continuum notation, and f
indicates the flavor structure, being either singlets or triplets. No attempt
was made to resolve the different hypercubic representations, see [24] for a
detailed investigation of this question. The aim here was primarily a quali-
tative one. Most interesting are the 0+1 and 1
−
3 channels, as they correspond
to the observable Higgs and W states, as discussed in section 3.
2To prevent any problems with polarization effects for the vector states on the rather
small lattices [37], no asymmetric lattices have been used.
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As one interesting question below will be the structure above the ground
state a variational analysis [41] with a base of 5-10 operators per channel
has been performed. Always a preconditioning using the correlation matrix
at time zero turned out to be most useful. To create the operator basis,
APE smearing [22, 42] has been used, which yields the links and Higgs fields
after n ≥ 1 checker-board smearing sweeps as
U (n)µ (x) =
1√
detR
(n)
µ (x)
R(n)µ (x)
R(n)µ (x) = αU
(n−1)
µ (x) +
1− α
2(d − 1)
×
∑
ν 6=µ
(
U (n−1)ν (x+ eµ)U
(n−1)†
µ (x+ eν)U
(n−1)†
ν (x)
+U (n−1)†ν (x+ eµ − eν)U
(n−1)†
µ (x− eν)U
(n−1)
ν (x− eν)
)
φ(n)(x) =
1
1 + 2(d− 1)
(
φ(n−1)(x)
+
∑
µ
(U (n−1)µ (x)φ
(n−1)(x+ eµ) + U
(n−1)
µ (x− eµ)φ
(n−1)(x− eµ))
)
,
with α = 0.55 and d = 4. The maximum number of iterations was n = 4.
The impact of this smearing on the correlators will be discussed below. Note
that the smearing also helped in terms of the noise, as in the relevant domain
of the phase diagram all correlation functions are quite noisy, even at the
O(10000 − 100000) configurations used here for each lattice setup.
A number of basic operators have been used to construct the correlation
matrix. The local operators are [10, 11, 43]
Oρ(x) = φ
†
i (x)φ
i(x) = ρ(x) (6)
OW (x) = trUµ(x)Uν(x+ eµ)Uµ(x+ eν)
†Uν(x)
†
Oa1−µ(x) = trτa det(−X(x))
− 1
2X†(x)Uµ(x) det(−X(x+ eµ))
− 1
2X(x+ eµ) (7)
O− =
∑
µ6=ν 6=ρ6=σ
trUµ(x)Uν(x+ eµ)U
†
µ(x+ eν)U
†
ν (x)Uρ(x)Uσ(x+ eρ)U
†
ρ(x+ eσ)U
†
σ(x)
O2 = ℜtr(Uxy(x) + Uyz(x)− 2Uxz(x)),
which are operators in the 0+1 , 0
+
1 , 1
−
3 , 0
−
1 , and 2
+
1 channels, respectively.
In the language of a naive constituent interpretation, the operators can be
viewed as bound states of the Higgs and the W :
• Oρ describes a two-Higgs bound-state, similar to a QCD meson
• OW is a W -ball, the weak version of a glueball
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• Oa1−µ is a W dressed by two Higgs particles in a non-trivial flavor
multiplet, similar to a isospin triplet vector meson in QCD
• O− is a pseudoscalar W -ball, or glueball
• O2 is a tensor W -ball, or glueball
All of these operators have been integrated over the spatial volume to obtain
the zero momentum component. The final correlation functions C(t) ≡
C(t1 − t2) = 〈O(t1)O(t2)〉 have been averaged over time slices, and, where
appropriate, flavor and Lorentz indices. Note that any disconnected parts
have been implicitly removed. For many of the present lattice spacings,
non-zero momentum states have been too noisy, and hence have not been
included at all, see [24] for such an investigation in a different region of the
parameter space. Note that also different operators can, and have been,
used in the literature, see [4, 5, 8, 10, 11, 19–24].
The operators in the channels 0−1 , and 2
+
1 turn out to be never reliably
lighter than the ones in the 0+1 and/or 1
−
3 channels. Due to this, and the
significant noise associated consequently with them, only the ground states
have been investigated here. These operators are especially interesting, as
Yang-Mills theory has an inverted hierarchy with the tensor being lighter
than the pseudoscalar. Hence, the ordering of these states can be seen as
an indication of how Yang-Mills-like the theory is. Hence, for them the
correlation matrix was given by the 5×5 matrix obtained from the operator
Oni (t1)O
n
i (t2), where n counts the number of APE sweeps .
For the more interesting operators in the 0+1 and 1
−
3 channels, a 10 and
8 operator basis has been used, respectively. For the 0+1 , these are
O
0+
1
1 = O
4
ρ
O
0+
1
2 = O
3
ρ
O
0+
1
3 = O
4
W
O
0+
1
4 = O
3
W
O
0+
1
5 = O
4
1−O
4
1−
O
0+
1
6 = O
3
1−O
3
1−
O
0+
1
7 = O
4
ρO
4
ρ
O
0+
1
8 = O
3
ρO
3
ρ
O
0+
1
9 = O
4
WO
4
W
O
0+
1
10 = O
3
WO
3
W ,
where the numbers 3 and 4 give the number of APE smearing levels. The
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first four operators are single particle ones, while the remainder are s-wave
2-particle operators.
Similarly, for the 1−3 the operators
O
1−
3
1 = O
4
1−
O
1−
3
2 = O
3
1−
O
1−
3
3 = O
4
1−O
4
ρ
O
1−
3
4 = O
3
1−O
3
ρ
O
1−
3
5 = O
4
1−O
4
W
O
1−
3
6 = O
3
1−O
3
W
O
1−
3
7 = O
4
1−(O
4
1−O
4
1−)
O
1−
3
8 = O
3
1−(O
3
1−O
3
1−)
have been used. Besides the one and two particle operators, the latter also
again in zero momentum s wave, also three-particle operators with zero an-
gular momentum have been used. In this case, the flavor and Lorentz indices
of two of the operators, indicated by the parentheses, are fully contracted,
while the third operator carries the total spin and flavor.
For all channels, however, in most cases the full correlation matrix was
too noisy to extract reliable eigenvalues at larger times, and hence only
a subset was used. Furthermore, the eigenvectors were in many compo-
nents far too noisy to be useful. This entails the possibility of missorting
the eigenvalues when associating them with a state. However, a detailed
analysis shows that this almost never occurred, as the effective masses are
sufficiently smooth functions of time, see section 2.5 for an example. Even if
intersections occurred, the eigenvalue assignment did mostly not create any
kinks, and thus provided a reliable assignment of eigenvalues to states.
Furthermore, in many cases the number of operators were reduced, start-
ing with the ones with the highest number, i. e. the ’heaviest’ and least
smeared ones, until a statistical sufficiently reliable extraction was possible.
In most cases, this reduced to the first seven operators for the 0+1 and to the
first four operators for the 1−3 . Furthermore, it was observed that even for
the ground state usually no perfect unmixing was possible, but higher state
contaminations prevailed. For the higher states, usually contamination by
both heavier and lighter states has been observed. This was also evident
when evaluating the eigenvectors. An example of this will be shown in the
next section.
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t/a
0 2 4 6 8 10 12
-
ln
(C
(t)
/C
(t+
1))
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
Unsmeared
1 APE sweep
2 APE sweeps
3 APE sweeps
4 APE sweeps
n
ρEffective mass for O
t/a
0 2 4 6 8 10 12
-
ln
(C
(t)
/C
(t+
1))
0
0.5
1
1.5
2
2.5
3
3.5
4
Unsmeared
1 APE sweep
2 APE sweeps
3 APE sweeps
4 APE sweeps
n
-1Effective mass for O
Figure 1: The effective mass of the operators Onρ (left panel) and O
n
1− as
a function of time for different numbers n of APE sweeps. Results are at
β = 2.4728, κ = 0.2939, and λ = 1.036, which is in the Higgs-like domain
with a physical 0+1 to 1
−
3 ratio and 88192 configurations.
2.4 Mass determination
To determine the masses, a fit just using plateaus was often not possible.
Rather than that, two-state fits of the type
C(t) = A cosh
(
am
(
t−
N
2
))
+B cosh
(
an
(
t−
N
2
))
, (8)
have been performed for the correlators. If possible, information about
adjacent states or the ground state were used to provide one of the masses,
to improve the fit results, but no simultaneous fit of the whole spectrum
was attempted. Errors on the fitted masses were obtained by varying the
correlation functions coherently, i. e. at all times either up or down, within
the 67.5% error margin from the bootstrap analysis. Since as a consequence
of the contamination with different states there were often no good plateaus,
a fit was deemed to be acceptable if it described the data points of the
effective mass for t > 1 for the ground state and for t > 0 for higher states
within twice the determined error band, up to times where the correlation
function error became comparable to the value of the correlation functions.
Of course, this is rather optimistic. The second masses in (8) were also
included in the spectra, provided that within errors they did not coincide
with the leading mass of any other level.
Since one of the most interesting questions with respect to physical con-
sequences will be the nature of the heavier states in the 0+1 and 1
−
3 channels,
an important question is how much the APE smearing affects the results.
This is studied in figure 1 for the operators Oρ and O
a
1− for an example, but
representative, lattice setting. As is visible, the 1−3 state is much stronger
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affected by the smearing than the 0+1 state. Without smearing, the statis-
tical noise, especially for the 1−3 state is so large as to make the correlators
effectively useless. Even 1 and 2 level of smearing still show significant sta-
tistical fluctuations at large times. At the same time, the difference between
3 and 4 level of smearing is already rather small, so that more smearing
would be eliminating too much of the higher state contribution to make it
still extractable. Hence, the choice for 3 and 4 levels of APE smearing for
the operators in the 1−3 and 0
+
1 channels. Including also the lower level of
APE smearing for the remaining operators is considered just as a possibility,
and usually only up to and including 2-3 level of APE smearing yielded a
statistically useful result.
Finally, at several points throughout the higher states in a given channel
will be compared to scattering states. These are obtained in the most naive
way without lattice spacing corrections as
Wj =
∑
i
√
m2i +
(
2piji
N
)2
,
where the masses of the constituents mi are taken at face value, and the
lattice momenta ji are included as required, see section 4.1 for details.
Note that for the lattice volume employed the smallest momentum in
lattice unit is about 0.26, which implies that scattering states with non-
zero momentum will be substantially far spread. At the same time, this
permits to have around four units of momenta, and therefore up to two non-
zero-momentum scattering states at the finest lattice discretization, until
reaching an energy of about 1 in lattice units, where discretization errors
become dominant. Since no more than three scattering states (including the
one at rest) will be analyzed below, this implies that the lattice volume is
nonetheless large enough to make meaningful statements.
2.5 An example spectrum extraction
To exemplify the fitting procedure and mass extraction, as it is not possible
to provide plots for the more than 160 sets of lattice parameters later, a single
case will be treated here. This will be the case of β = 2.7984, κ = 0.2954,
and λ = 1.317. This case exhibits all the kinds of ambiguous or noteworthy
situations which have been encountered, and is therefore suitable to show
how the fitting has been performed.
The first channel is the 1−3 channel, which is also used to set the scale.
In figure 2 the effective energy levels
Ei
(
t
a
)
= ln
λi
(
t
a
− 1
)
λi
(
t
a
)
obtained from the eigenvalues λi after the eigenvalue analysis are shown.
Only when performing the eigenvalue analysis using the operators 1-4, with
11
t/a
0 2 4 6 8 10 12
a
E
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4
 with 4 operators
3
-Effective energies 1
Figure 2: The effective energy levels in the 1−3 channel, together with fits
of type (8). Different styles correspond to different eigenvalues. Points with
too large error bars have been omitted for visibility. See text for details.
Here and hereafter, the full line is the fit to the average values, while the
dashed one is the fit to the 1σ-shifted data, and thus gives an error band.
preconditioning at time t = 0, the results were statistically sufficiently good
to proceed further.
The lowest energy level is well-fitted for all times t/a > 1, but this fit
requires both components of (8). At t/a = 1, even this lowest level is too
strongly affected by contributions from higher levels, as the agreement with
the fit for the second state shows. The second state itself is well described
with the two parameter fit. The point at t/a = 6 indicates that the statistical
errors are probably an underestimation of the actual errors.
The two further levels have only three statistical significant points avail-
able, and none agree with a plateau, though this is not generally so for such
short data sequences. They show both a strong contamination with lighter
states. The fits in figure 2 are performed under the assumption that the
contributing state is the ground state, which performs quite well. However,
fitting with such few points is highly unreliable. The energy of these two
states are both above 1.5, and such states will be omitted in the discussion
below.
However, the sub-leading contributions in the lower two levels have ener-
gies that are smaller than 1.5, and are therefore distinctively different from
the leading contribution of the two highest states, and thus signify two fur-
ther levels. Such levels have hence been included in the results below, if
their energies were found to be sufficiently small.
The situation in the 0+1 channel is, and this is almost generally true,
more involved. This can be seen in figure 3. In this case, 7 operators could
be included in the eigenvalue analysis. Still, for two levels not enough points
are statistically relevant to perform any kind of fit. However, the lower levels
have not been affected by these uncertainties, as would occur when including
12
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+Effective energies 0
Figure 3: The effective energy levels in the 0+1 channel, together with fits
of type (8). Different styles correspond to different eigenvalues. Points with
too large error bars have been omitted for visibility. See text for details.
further operators.
The first interesting observation are the two lowest states, signified by
a black, filled circle and the red squares, to be called level one and two,
respectively, as these have been the corresponding eigenvalues. Level one is
very stable, could be well-fitted with a suitable plateau, and the higher-state
contamination could be fitted as well. State two is more troublesome. It has
a substantially stronger excited state contribution, which can be fitted using
a two-level fit of type (8) still in an acceptable manner. Due to this excited
state contamination, the lowest state needs much longer to isolate itself,
and does so with a rather small correlator. Hence, it has large statistical
errors. The fits yield for the lighter state in state one 0.466(7) and for state
two 0.33(2). They are therefore separated by more than 4σ. Hence, they
should be identified as two separate states, with state two being lighter,
even though its correlation function for the time interval available is larger
than that of state one, and the individual effective energy points have larger
statistical errors. This situation appears actually rather often, especially in
the Higgs-like domain of the phase diagram close to the threshold of a 0+1
decaying into two 1−3 . So far, in almost all cases an increase of statistics has
corroborated such an interpretation of the data, and will be hence followed
throughout.
The next level, signified by green triangles, is very complicated to in-
terpret. It cannot be excluded that the point of level two and three at
t/a = 3 has been wrongly sorted. However, the eigenvector components
are too noisy to unambiguously identify this. Hence, in this case a single
component fit was made, which included all but this point, with a rather
conservative error estimate. Such situations are neither exceptionally rare,
nor common. In doubt, always the error margin, as in the present case, was
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Figure 4: The effective energy levels in the 0−1 channel (top panel) and
2+1 channel (bottom panel), together with fits of type (8). Different styles
correspond to different eigenvalues. Points with too large error bars have
been omitted for visibility. See text for details.
substantially increased compared to the one obtained from a direct fit.
Level four, signified by the blue upside-down triangles is a typical rep-
resentative of the case where substantial errors are present, though not so
large as to be completely useless. In such cases, usually a single-level fit
was performed, demanding that all points are compatible with the fit result
within 2σ.
The last level fitted, the fifth level, signified by yellow open circles, has
again only data at three points, and decays quickly with time. Though a fit
is possible, under the assumption of mixing with the ground-state, this state
is again unreliable. Since it has a mass above 1.5, however, it would anyhow
not be included below. Also, below only the three lowest energy levels will be
discussed, so that this state would also be excluded from discussion anyway.
The remaining channels are shown in figure3 4.
3Note that since energy relations are not enforced when fitting the data or the 1σ-
shifted data, it can happen that the fit for the average value lies outside the fit from the
error bands.
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The 0−1 channel shows a behavior which is found to be rather typical, if
the lowest energy level is substantially above 1: In this case, there are very
few points at best. Extracting an energy is therefore highly unreliable, and
anyhow only possible under the assumption that the variational analysis has
projected close to the ground state at short times. As has been seen above,
this is only approximately true. As a consequence, in all graphs below, levels
with an energy above one will be signified, and should be rather considered
to be upper limits.
The situation in the 2+1 channel is quite similar: A number of points, of
which the latest show a decline, and a reasonably accurate fit can be found
which indicates a (significantly) lower energy than inferred from the points
alone. At the same time, the error bands of these points increase, but even
taking these into account, no much larger energy can really fit the decline.
In such a situation, it is not entirely clear to which extent the result can
be trusted. In all such cases, however, the obtained energy levels do not
push it below the masses of the lightest state, and therefore such results
are reluctantly included in the below presentation of results, for the sake of
completeness. However, it should be kept in mind that this will require much
more detailed investigations to provide a reasonably reliable final estimate
of the smallest energy in these channels.
These categories cover all of the observed ones. Hence in all cases, all
channels show one of the present behavior, albeit especially the channels 0−1
and 2+1 permute their behavior constantly throughout the phase diagram.
As a note, it turned out that, if the ground-state is stable, inclusion of
further operators never altered the ground-state level beyond a few percent.
If it is not stable, however, the lowest level was often substantially above
the elastic threshold, indicating the absence of a state. Including the corre-
sponding two-particle state for the decay product usually fixed this, except
for some cases to be discussed below in section 4.7. Note that since the basis
in [1, 12] did not include scattering states the masses used there should be
regarded rather as upper limits to the actual masses.
A detailed discussion of the systematic errors can be found in appendix
A. This assessment shows that the qualitative conclusions of the following
appear solid. However, there are certainly quantitative errors which are
larger the higher the energy of a state. Also, in some cases the states are
substantially above an expected scattering state, but essentially never below,
and thus systematic errors seem rather to mess up the identification of the
correct scattering state rather than make a scattering state appear as a
non-trivial state.
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Figure 5: A sketch of a two-dimensional hyper-plane of the phase diagram.
The axis are some functions of the parameters. For a quantitative version,
see [8, 9].
3 QCD-like vs. Higgs-like
To interpret the findings here in comparison to both perturbative calcu-
lations and, eventually, experiment, it is important to recall a number of
features of Yang-Mills-Higgs theory. Foremost, the (lattice) theory has a
continuously connected phase diagram [6, 7]. Hence, the physical states are
the gauge-invariant composite states, and necessarily bound states or col-
lections of bound states, throughout the phase diagram, irrespective of the
couplings. Of course, it may happen that there is only one stable bound
state in the system, and all asymptotic states are consisting only out of col-
lections of this state. But there is at least this one state. Nonetheless, there
can be, of course, some phase transition in the phase diagram in principle, as
long as it can be circumvented. But older findings indicating the presence of
such a transition [11, 19] have been shown to be a finite-volume lattice arti-
fact [8]. In turn, only at the ultimate limit of employed resources signals of a
phase transition have been seen in [8]. But it is not clear, whether a similar
increase in lattice parameters as from [17,18] to [8] would again alter this re-
sult, and this is at the present a somewhat daunting challenge. Finding such
a phase transition would be of tremendous importance: As long as it is not
an isolated point of a first order phase transition, it is expected to be either
a second-order phase transition or a first-order transition line ending in a
second-order critical end point. But if either would exist, any second-order
point would locate a continuum limit, which may be potentially non-trivial.
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The connectedness of the phase diagram implies that, in contradistinc-
tion to perturbation theory [3], a distinction between the BEH effect and the
confinement mechanism is a purely gauge-dependent statement, and there-
fore physically irrelevant [6, 7, 9, 44]. Especially, there is no gauge-invariant,
local order parameter distinguishing both regions4. But if a gauge is cho-
sen, then the BEH effect affects the gauge-dependent correlation functions
in a well-defined region of the phase diagram [9, 14, 46]. In particular, it
is possible to define gauge-dependent order parameters signaling this tran-
sition, though the location depends on the chosen gauge [9]. This situation
is sketched in figure 5.
Still, it has been found that there exist two regions of the phase diagram,
in which the physics shows quantitatively a distinctively different behavior.
The most marked difference is the ordering of the ground states of the 0+1
and 1−3 channels, which changes between them [11, 19]. This will also be
confirmed here. In addition, in the region where the 0+1 is lighter also an
intermediate-distance string tension has been observed [4, 5]. Sufficiently
far away from the cross-over region, defined to be the region where both
masses are roughly equal, also in all investigated gauges the BEH effect
is absent. This has been checked here explicitly as well, using the order
parameter introduced for Landau gauge in [9] and the behavior of gauge-
dependent correlation functions [12]. This allows to speak of a QCD-like
domain (QLD). On the other hand, the other region is characterized by the
absence of an intermediate-distance string tension, and sufficiently far away
from the transition shows clear signals for BEH-type physics, e. g. a non-
vanishing vacuum-expectation value of the Higgs field in suitable gauges,
is observed. Thus, this region can be characterized as a Higgs-like domain
(HLD). This is also noted in the sketch in figure 5.
If the physics is so different from the perturbative picture, this begs the
question, why does perturbation theory work so well in phenomenology. In
particular, as therefore the gauge-dependent W boson and the Higgs boson
are not asymptotically observable states as assumed in perturbation theory,
this requires to clarify the connection between the gauge-invariant states
and the elementary fields states. This relation has been established in form
of the FMS mechanism [17, 18], which has been confirmed on the lattice
[1, 12]. In the HLD, for not too large masses of the 0+1 , there is a relation
between the gauge-invariant 0+1 and 1
−
3 states’ masses with the masses of the
gauge-dependent Higgs and W particles, respectively. It is obtained from
an expansion in the quantum fluctuations of the Higgs.
These relations require an aligned gauge, i. e. one with non-vanishing
Higgs expectation value [44, 47]. Taking then the correlators (6) and (7) in
the continuum and expanding the Higgs field around its expectation value
4Note that the non-Abelian nature is here relevant, and Abelian gauge theories may
be different [45].
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vni, φi(x) = ηi(x)+niv, with ni some constant isospin vector, yields [17, 18]
〈φ†i (x)φ
i(x)φ†j(y)φ
j(y)〉
≈ v4 + 4v2(c+ 〈η†i (x)n
in†jηj(y)〉) +O(η
3), (9)
and
〈(τaϕ†Dµϕ)(x)(τ
aϕ†Dµϕ)(y)〉
≈ c˜tr(τan˜τ bn˜τan˜τ cn˜)〈W bµW
c
µ〉+O(ηW ), (10)
with c and c˜ some constants, and n˜ an SU(2)-valued representation of ni
like (2). Thus, the masses determined by the poles of the correlators on
both sides have to coincide to this order. That this holds true beyond
this expansion is supported by lattice simulations [1, 12]. Hence, in the
part of the HLD relevant to the standard model, a description in terms of
the gauge-invariant and gauge-dependent degrees of freedom give an equally
good picture of the physics of the ground states, explaining the great success
of perturbation theory5. However, this relation does not hold throughout
the phase diagram [12], and therefore here the name of the Higgs andW will
be reserved for the gauge-dependent elementary degrees of freedom. Still,
this motivates the scale-setting procedure of section 2. Note that possible
excited states or resonances6 are not covered by this expansion, and can
therefore not be determined using a perturbative analysis. The same applies
to bound states, excited states or resonances in different quantum number
channels. In these cases, the expansion has no leading term, and the first
non-vanishing one is not a propagator, but a scattering state.
The FMS mechanism is hence both the justification of the success of
perturbation theory in electroweak physics, and the reconciliation of field
theory with the experimental observation of Higgs and W/Z bosons. It
shows how the electroweak physics is, in a sense, as confining as QCD, just
with the exception that it is just a minor dressing effect. However, the FMS
mechanism in its original form is based on an expansion [17, 18], as can be
seen in (9-10). It may therefore be of limited validity, as in fact both this
work and [12] explicitly show. Fortunately, it applies to the standard model.
However, this may no longer be true in extensions of the standard model
[2, 48], and therefore understanding its domain of validity is mandatory.
Furthermore, the mechanism does not preclude the existence of internal
excitations of the 0+1 and the 1
−
3 , and thus effectively from an experimental
point of view of the Higgs and the W , nor the presence of bound states in
other quantum number channels [1]. Such states would mimic new physics.
5Similar relations hold for the standard-model fermions, except for the gauge-singlet
right-handed neutrinos, where it is unnecessary [17, 18].
6Here, excited states will be states which are not the ground state, but stable, while
resonances are unstable.
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E. g., an excited 0+1 has the same signature as a second Higgs, an excited
1−3 as a W
′. The other channels investigated, 0−1 , and 2
+
1 , correspond, e.
g., to a pseudoscalar Higgs and a Kaluza-Klein graviton. By virtue of the
expansion they will be much weaker coupled, and would therefore likely be
compatible with experiment. Excluding them is hence a necessity to avoid
false positive observations of new physics.
That said, a remaining problem is that there are three independent pa-
rameters in the theory. Thus, after fixing the 0+1 and 1
−
3 masses, e. g. to
the experimental results, a third external input is necessary. At the current
time, no quantity is both experimentally and theoretically in lattice terms
good enough under control to serve as this input parameter. However, the
present theory is anyway not quantitatively comparable to the standard
model, as the W -Z mass splitting is missing, and the gauge coupling runs
much faster than in the standard model [12]. Hence a quantitative compar-
ison to the standard model is of limited reliability. Here, therefore, the aim
is to gain a qualitative understanding of the phase diagram and the bound
state dynamics. For an alternative approach, see e. g. [24].
The part of the phase diagram covered here is shown in figure 6. The
phase diagram disconnects into two parts, the HLD and the QLD. Due to
the additive mass renormalization, the QLD region persists even deep into
the negative m20 region, where classically already the Higgs effect would
be operative. In the following the spectrum will be studied in the various
regions in more detail.
As it is not entirely trivial to follow the LCPs, due to the fine-tuning
problem especially in κ, at the current time only a very limited amount of
different lattice spacing effects can be studied. This is further complicated
by the fact that most ground states are unstable or even scattering states,
and hence there are often not enough observables to parameterize the tra-
jectories. Hence, below classes of LCPs, rather than individual LCPs, will
be discussed.
4 Results
Though the phase diagram is not disjunct in different phases, it can still
be worthwhile to classify different regions, which exhibit quantitatively a
similar behavior. This behavior is expected to be best characterized by
the lightest excitation in the spectrum. In all cases investigated here, this
excitation will be either in the 0+1 or in the 1
−
3 channel. Inspired by the
standard model situation, the mass of the 1−3 will always be set to 80.375
GeV, and the different domains will then be characterized by the mass of
the 0+1 mass relative to this scale. In ascending order, this will be
• the QLD with m0+
1
< 75 GeV
19
Figure 6: The top plot shows the phase diagram of Yang-Mills-Higgs theory
as a function of bare gauge coupling, Higgs 4-point coupling, and the bare
Higgs mass in units of the 0+1 mass. Green points are confinement-like,
and purple points are Higgs-like. The lighter the points, the smaller is the
lattice spacing. The bottom plot shows the same in terms of the lattice bare
parameters of inverse gauge coupling, hopping parameter, and four-Higgs
coupling, see (1) for their relation to the continuum parameters.
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The QCD-like region
Figure 7: The left-hand plot shows the bare continuum parameters qualify-
ing as to be in the QLD, while the right-hand plot shows the same in terms
of the lattice bare parameters.
• the cross-over region with 75 GeV< m0+
1
< 85 GeV
• the light-Higgs region with 85 GeV< m0+
1
< 115 GeV
• the physical-Higgs region with 115 GeV< m0+
1
< 135 GeV
• the heavy-Higgs region with 135 GeV< m0+
1
< 155 GeV
• the threshold region with 155 GeV< m0+
1
< 170 GeV
• an anomalous region. This is a set of points in the phase diagram where
with the operator basis employed the lowest level in the 0+1 channel is
above 170 GeV. This implies that for some reason the lowest scattering
state could not be identified.
As already the selection shows, the regions cannot be distinguished by where
perturbation theory works. Perturbation theory should work for not too
large gauge and 4-Higgs couplings, but irrespective of the relative masses
of the 0+1 and 1
−
3 , viz. the Higgs and the W . This is not true, and rather
the regions are characterized where the FMS mechanism works, which turns
out to be essentially the region with roughly 80 GeV < m0+
1
< 160 GeV.
Why this region is still splitted into three regions will be discussed below
in section 4.3. The situation at and above threshold is special, and will be
addressed in sections 4.6 and 4.7.
4.1 The QCD-like domain
The points which could be classified as to be in the QLD are shown in figure
7. Especially in the continuum representation it is visible that for strong
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The spectrum in the QLD, normalized to the lightest mass
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Figure 8: The ground states in the different quantum number channels in
the QLD. Open symbols have an energy greater than one, but below 1.5, in
lattice units, while closed symbols are below 1. All levels are normalized to
the lightest mass.
coupling these points are essentially only at not too negative bare Higgs
mass squared, where more negative masses are possible at larger Higgs self-
coupling. With a flat potential at the ultraviolet cutoff the system always
ended up in the QLD, as naively expected.
To study the physics further, it is useful to characterize the physics in
terms of the energy levels. The ground states, normalized to the lightest
mass, i. e. min(m0+
1
,m1−
3
), are shown7 in figure 8, as a function of the mass
7Note that due to the normalization displaying the 0+1 and 1
−
3 channels is to some
extent redundant. However, the normalization makes no statement about the size of the
errors, and therefore showing these is the main reason to include both channels in the
plots.
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The spectrum in the QLD, normalized to the decay channels
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Figure 9: The ground states in the different quantum number channels in
the QLD. Open symbols have an energy greater than one, but below 1.5, in
lattice units, while closed symbols are below 1. For the normalization, see
text.
ratio m0+
1
/m1−
3
. In addition, in figure8 9, the same levels are shown, but
now normalized by a trivial mass mtrivial in a particular way to characterize
them:
• The energy of the 0+1 channel was divided by twice the lowest energy in
the 1−3 channel. It therefore becomes a monotonous increasing function
describing the approach towards the threshold of decay into two 1−3
particles. In the QLD, by definition, it is therefore always below 1/2.
8The error in the x-axis have been suppressed for clarity, but could be reinstated using
the raw data in appendix B. In most cases, this error does not affect the results, but in
some, especially on coarse lattices, the classification of the parameter sets is not beyond
the statistical error.
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• For the other channels, since they are at most degenerate, but never
found lighter than the 0+1 and the 1
−
3 channels, the normalization is
to the lowest of the possible two-body decay channels. The possible
decay channels with the available channels are:
– For the 0−1 channel: two 1
−
3 in a p-wave
– For the 2+1 channel: two 0
+
1 in a d-wave; two 1
−
3 in a s-wave; two
0−1 in a d-wave
Since no further operator in the triplet channel was considered, there was no
possibility to construct decays of the ground-state in the 1−3 channel. Rather,
the relative mass to the 0+1 channel, as the other important channel, will be
given.
In no case the stability of the target levels is taken into account, since
if any of these would be unstable, a different channel containing the decay
products of this channel would anyhow be lighter. Hence, if the normalized
values are below one, the ground state in the respective channel is stable
against the considered decays.
The results from these two figures show that the low-energy physics is
quite rich. In almost all cases in all channels the ground state is found
significantly below one, and therefore the ground state is stable. In fact, in
many cases the states have a similar mass as the lightest state, as can be
seen in figure 8. Thus, the low energy physics appears as rich as expected
from the analogy to QCD. Unfortunately, the results for the 2+1 state are too
noisy to really quantify the Yang-Mills-likeness of the theory in the QLD.
Beyond the QLD the lightness of the 1−3 will anyhow make the theory very
different from Yang-Mills theory.
It is, however, also instructive to have a look at the higher-lying levels.
These are shown in figure 10. The results are normalized to decays in the
0+1 and 1
−
3 channels, since the FMS mechanism suggests that they should
be, at least later in the HLD, the dominant ones. Also, since the other
channels are all not lighter than these, kinematical arguments support this.
The normalizations, which for completeness includes also the ones used in
the remainder of this section, are thus such that
• for the 0+1 , the higher levels are normalized to the lighter of either two
1−3 or two 0
+
1 in an s-wave, possibly with relative momenta, provided
the 0+1 ground state is stable against decays into two 1
−
3 . If not, only
decays into two 1−3 in an s-wave with an increasing amount of momenta
in back-to-back kinematics are considered.
• for the 1−3 channel, in case of a stable 0
+
1 ground state the decay
channels of one 0+1 and one 1
−
3 in an s-wave and into three 1
−
3 with
two of them forming a 0+1 state are considered. Otherwise, only the
three-body decay is considered. For the higher levels, corresponding
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2nd and 3rd levels in the QLD
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Figure 10: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels) in the QLD. Open sym-
bols have an energy greater than one, but below 1.5, in lattice units, while
closed symbols are below 1. All levels are normalized to scattering states,
as detailed in the text.
momenta in back-to-back kinematics are considered, for the three-
body decay between two of the decay products with the third one at
rest.
Note that, due to the inherent uncertainties of mass determinations, it was
assumed that the decay channel was open, if 51%, instead of 50%, of the
mass of the ground state was larger than the ground state mass of the 1−3
state.
The results in figure 10 show that most of the second states are close to,
but below, one, and thus could still be just scattering states. There are some
states with masses significantly below one in the 0+1 channel, though none in
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The crossover region
Figure 11: The left-hand plot shows the bare continuum parameters quali-
fying as to be in the cross-over region, while the right-hand plot shows the
same in terms of the lattice bare parameters.
the 1−3 channel. These are potentially stable, but still much heavier than the
ground state, at least 60% heavier. That is not what is observed in QCD,
here the excited states of, e. g. the nucleon are densely packed already below
50% mass excess [33]. This contrast becomes even more pronounced when
looking at the, significantly more unreliable, third level. Here, essentially all
states cluster close to one, and are therefore likely scattering states. Thus,
even if there should be (stable) excited states in the 0+1 channel, they are
few. For the 1−3 channel, there is so far only one candidate, and this one is
unreliable and much above the expected trivial level, so little can be said.
In total, the physics in the QLD is not entirely what is expected from the
comparison to QCD. Though there are stable ground states in most channels,
there appear to be few, if at all, excited states. This would be contrary to
the naive expectations, and requires further investigations, especially using
multiple volumes.
4.2 The crossover region
The second interesting region is the one where the ground states in the 0+1
and the 1−3 channels are roughly of equal size. Here, this will be taken to
be the range 75 GeV< m0+
1
< 85 GeV, if the 1−3 ground state is assigned
the W mass of 80.375 GeV. The corresponding points in the phase diagram
are shown in figure 11. Only a few points are currently available, and they
are located in a rather narrow region of the phase diagram. If the cross-over
indeed becomes sharper with increasing β, as various studies suggests [8, 9],
it should not be too surprising that none are found here: It just becomes
very hard to precisely find these points.
The results for the spectrum are shown in figures 12-14. The ground
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The spectrum in the crossover region, normalized to the lightest mass
1
+0/m3-1m
0.96 0.98 1 1.02 1.04 1.06
lig
ht
es
t
m
/m
0
0.5
1
1.5
2
 ground state
1
+Spectrum development - 0
1
+0/m3-1m
0.96 0.98 1 1.02 1.04 1.06
lig
ht
es
t
m
/m
0
0.5
1
1.5
2
2.5
3
-Spectrum development - 1
1
+0/m3-1m
0.96 0.98 1 1.02 1.04 1.06
lig
ht
es
t
m
/m
0
1
2
3
4
5
1
+Spectrum development - 2
1
+0/m3-1m
0.96 0.98 1 1.02 1.04 1.06
lig
ht
es
t
m
/m
0
1
2
3
4
5
1
-Spectrum development - 0
Figure 12: The ground states in the different quantum number channels in
the crossover region. Open symbols have an energy greater than one, but
below 1.5, in lattice units, while closed symbols are below 1. All levels are
normalized to the lightest mass.
state masses are now almost always reliable. In the 0−1 and 2
+
1 channels
there appears to be an abrupt rise in the mass of the ground states when
moving into the HLD. While the 2+1 channel is always above threshold, this
development shifts the 0−1 channel above threshold. The situation for the
higher levels in figure 14 is that the higher states in the 0+1 are essentially
compatible within 1-3σ with scattering states. In the 1−3 channel, they are
substantially above the threshold, and therefore here either the determina-
tion is not good enough, or other decay channels still play a role.
At any rate, the cross-over seems to leave a strong imprint on the other
channels, and there the states become quickly unbound. That is certainly
what is naively expected when moving from the QLD into the HLD, if the
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The spectrum in the crossover region, normalized to the decay channels
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Figure 13: The ground states in the different quantum number channels
in the crossover region. Open symbols have an energy greater than one,
but below 1.5, in lattice units, while closed symbols are below 1. For the
normalization, see text.
latter is weakly interacting.
4.3 Light Higgs
In this and the next two subsections the situation will be investigated for a
stable 0+1 ground state heavier than the 1
−
3 , and thus inside the HLD, but
separately in three different mass regions. One is below the physical mass
region, one above, and the last one is the physical mass region. A priori, it
seems to be odd to distinguish these three regions, as there is no obvious
reason why the physical Higgs mass should be distinct. However, there are
several arguments that the physical Higgs mass is actually distinguished due
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Figure 14: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels) in the crossover region.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. All levels are normalized to scat-
tering states, as detailed in the text.
to the ultraviolet properties of the theory [28–30, 49, 50]. Hence, the three
situations will be studied here separately, starting with the case of a light
Higgs, i. e. for 85 GeV< m0+
1
< 115 GeV. The upper bound comes from
the fact that due to the absence of the W -Z mass splitting the masses can
be expected to be off by (at least) 10 GeV, and thus the physical region is
taken to be a ±10 GeV interval around the physical Higgs mass of about
126 GeV [33].
The parameters of the phase diagram where a light 0+1 in the HLD has
been found are shown in figure 15. In contrast to the cross-over region,
this region extends to much smaller, but not too small, gauge couplings,
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The light-Higgs region
Figure 15: The left-hand plot shows the bare continuum parameters exhibit-
ing a light 0+1 in the HLD, while the right-hand plot shows the same in terms
of the lattice bare parameters.
though the majority still clusters around intermediate values of the coupling.
Also, the regions populate only a rather narrow strip in both the hopping
parameter and the self-coupling.
The ground-state spectrum, normalized to the lightest mass and the
elastic threshold, is shown in figures 16 and 17, respectively. Interestingly,
the states seem to become more stable with increasing 0+1 mass, especially
the pseudoscalar appears, though within large errors, to become lighter. In
the 2+1 channel, the state is generally around or above the elastic threshold,
and thus within errors compatible with scattering states.
This feature is also shared by the higher levels in the 0+1 and 1
−
3 chan-
nels, shown in figure 18. The second level of the 0+1 is either at threshold,
or somewhat heavier. The third state is also always at most heavier than
the inelastic threshold. Hence, there does not appear to be any obvious
low-lying excited state. The situation for the second state in the 1−3 chan-
nel is similar. Though generally decreasing, the results cluster around the
threshold, and are therefore likely scattering states. The third level is above
the next scattering state, indicating still strong systematic uncertainties.
4.4 Physical Higgs
As noted in the previous section 4.3, here the physical mass region of 115
GeV< m0+
1
< 135 GeV will be investigated. After realization that the
FMS mechanism implies the presence of bound states, the possibility of
finding an internal excitation of the 0+1 state dual to the Higgs was, of
course, an interesting option, as any such state could mimic new physics
and therefore form a genuinely new background to new physics searches [1].
Though an investigation of only Yang-Mills-Higgs theory can hardly provide
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Figure 16: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. All levels are normalized to the
lightest mass.
any quantitative results, the observation of such internal excitations in this
case would significantly strengthen this case, given that this theory is weaker
interacting than the standard model [12]. After all, since bound states are
genuinely not part of perturbation theory, at some point deviations between
the FMS scenario and the perturbative results should always surface, and
this would be an ideal candidate as it is a rather clean signature.
The points in the phase diagram satisfying the selection criterion are
shown in figure 19. They spread in the phase diagram, and have also been
found at substantially lower bare gauge and 4-Higgs coupling than investi-
gated here [24].
The spectrum in this region, shown in figure 20, and especially the decay
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Figure 17: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. For the normalization, see text.
pattern shown in figure 21, are quite interesting. Generically, all quantum
numbers cluster mostly around or above the elastic decay threshold, espe-
cially if the mass is large in lattice units. There are also some points in the
2+1 channel, where the state appears stable, but here the errors still include
the threshold. At any rate, the states are so close to the decay threshold that
a more careful investigation should be performed, before any conclusions are
drawn. Especially, explicit scattering states must be included.
The situation for the higher levels, shown in figure 22, is much simpler.
All states in the second level cluster essentially around the elastic threshold,
and all in the third around the inelastic decay threshold or above. The latter
is particularly true if the mass in lattice units is large, indicating large lattice
artifacts. The only exception are a few states for the second level in the 1−3
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Figure 18: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels). Open symbols have an
energy greater than one, but below 1.5, in lattice units, while closed symbols
are below 1. All levels are normalized to scattering states, as detailed in the
text.
channel around m1−
3
/m0+
1
≈ 0.625, where some seem to form a systematic
dip. This may be an interesting signal, but must also be confirmed with
more systematic investigations.
Still, the bottom line is that no trace of internal excitations are observed
which would provide a good signature of the FMS mechanism.
4.5 Heavy Higgs
The next part is the one with a stable, but heavy, 0+1 ground state, 135
GeV< m0+
1
< 155 GeV. Perturbatively, such a Higgs is not very different
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The physical-Higgs region
Figure 19: The left-hand plot shows the bare continuum parameters exhibit-
ing a 0+1 ground state in the HLD within the physical mass window, while
the right-hand plot shows the same in terms of the lattice bare parameters.
from a lighter Higgs [3], and thus little changes are expected compared to
the previous sections 4.3 and 4.4.
The parameters exhibiting this behavior are shown in figure 23. Inter-
estingly, when comparing the situation with stable 0+1 as a function of the
mass from 15 over 19 to 23, it appears that the heavier the ground state,
the smaller tends the hopping parameter to become, though this is not an
exclusive process, but seems to be especially correct the finer the lattice.
Interestingly, in terms of the gauge coupling, also small gauge couplings, i.
e. larger values of β, seem to favor smaller lattice spacings.
The energies in the different channels are again shown in figure 24 and 25.
The ground state in the 2+1 channel, when it can be extracted, is always at
or above the elastic threshold. Hence, no sign of any stable excitations does
exist in this channel. The 0−1 is in essentially all cases compatible with the
elastic threshold, especially the heavier the 0+1 is. However, in these cases
the average values are most often below the threshold, and only due to the
size of the errors the elastic threshold are reached. In addition, though this
is not statistically reliable, there appears little dependence of the masses in
the other channels on the 0+1 mass.
The higher states in the 0+1 and 1
−
3 channels are shown in figure 26. In
all cases, the states are in agreement with scattering states, tending to be
even somewhat above the scattering state level. Thus, in case of a rather
heavy but stable 0+1 there is no indication for any internal excitations in
either channel.
4.6 At threshold
The last reasonable case when ordering the states according to the mass
ratio m0+
1
/m1−
3
is reached when the lowest level in the 0+1 channel is at the
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Figure 20: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. All levels are normalized to the
lightest mass.
elastic threshold, and therefore there is no stable state anymore in this chan-
nel. In perturbation theory there is then still a reasonable stable resonance
existing [3] for quite a large mass range above. The interesting question is
whether this can be confirmed in the full non-perturbative case. Due to the
uncertainties in determining the mass, the threshold region here covers any
ground state mass of the 0+1 in the mass interval 155 GeV< m0+
1
< 170
GeV.
The parameter sets qualifying for this are shown in figure 27. There is
a clear tendency for smaller gauge couplings to reach small lattice spacings.
In continuum terms, this corresponds to rather small gauge couplings and
deep classical potentials.
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Figure 21: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. For the normalization, see text.
The results for the ground states are shown in figure 28 and 29. Es-
pecially from figure 29 it is clear that the ground state in the 0+1 channel
is compatible with being the scattering state at the elastic threshold, but
partly with rather large errors. The behavior in the 0−1 channel is essentially
compatible with scattering states. The results in the 2+1 channel have rather
large errors, but tend to be also in agreement with scattering states.
A similar pattern also emerges for the higher states shown in figure 30.
The levels in the 1−3 channel are essentially compatible with scattering states.
The additional channels, most notably the second level, in the 0+1 channel
are, however, decreasing with decreasing lattice spacing. This systematic
dependence seems to exclude the possibility that the lowest level was er-
roneously assigned in some cases to be a scattering state, and is, in truth,
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Figure 22: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels). Open symbols have an
energy greater than one, but below 1.5, in lattice units, while closed symbols
are below 1. All levels are normalized to scattering states, as detailed in the
text.
just a stable state just below threshold. Comparing to the actual numerical
values in table 6 shows, however, that the energy of the second state is at
the same time just a little bit above the threshold.
There are a number of possible interpretations. The simplest would be
that there is indeed a metastable excitation above threshold, in line with
the perturbative expectation, which can be better and better resolved with
decreasing lattice spacing. More likely is, however the following: This state
will not be a state at rest, but has relative momentum. Such operators are
not included in the basis here, and this can lead to a misidentification or
shift of the energy levels, as has been observed in [24]. Also, mixing with
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The heavy-Higgs region
Figure 23: The left-hand plot shows the bare continuum parameters exhibit-
ing a 0+1 ground state in the HLD above the physical mass window, but still
stable, while the right-hand plot shows the same in terms of the lattice bare
parameters.
tolerons is a possibility [22, 24]. To distinguish these possibilities, more
volumes and/or an enlarged operator basis will be necessary in a future
investigation.
It should be noted however that this more likely explanation from the
point of view of systematics has far-reaching consequences. If not hidden in
even further different other operators or other regions of the phase diagram,
this would indicate that it is not possible to have a reasonable stable 0+1
above threshold. This would be in marked contradiction to the perturbative
expectation, and would have rendered any search for a heavy standard-model
Higgs with standard methods at the LHC possibly meaningless. It is also an
interesting conceptual question what this would mean for the theories with
additional heavier Higgs states or for the question of naturalness, albeit it
is too easy to get lost in speculations without further facts.
4.7 Anomalous
There is a set of parameters, for which the described procedure yielded a
ground state significantly above the elastic threshold. This, in itself, is not
a bad sign, but just indicates that the overlap of the chosen operator basis
with the scattering state at threshold is not good enough. The interesting
point is that this is not just the fault of the operator basis. The previous
section 4.6 has demonstrated that in a large number of cases the scattering
state at the elastic threshold can be correctly identified using the employed
operator basis. The question is hence whether there is a difference in the
physics case, e. g. that these are the cases with a non-trivial resonance so
acutely missing in section 4.6. It is therefore worthwhile to check whether
there appears any regularity for these cases.
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Figure 24: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. All levels are normalized to the
lightest mass.
The points in the phase diagram exhibiting this behavior are shown in
figure 31. At first sight, no particular features stand out.
The results for the ground states are shown in figures 32 and 33. The
0+1 ground state is only slightly above the decay threshold, and in some
cases within 1σ still compatible with it. Hence, there is no indication for
a substantial increase above the threshold. All other channels, especially
where the results are reliable, are mostly consistent with trivial states. Only
the 2+1 channels seems to be different, but given its absolute values, this is
not a real surprise, and the channel can hardly be considered reliable.
The results for the higher levels shown in figure 34 show an interesting
pattern. The 0+1 channel, in contrast to the previous case with the 0
+
1 ground
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Figure 25: The ground states in the different quantum number channels.
Open symbols have an energy greater than one, but below 1.5, in lattice
units, while closed symbols are below 1. For the normalization, see text.
state being close to threshold, remains even at small lattice spacing much
better consistent with a scattering state, and so does the third state. Here it
should be noted that the smallest lattice spacings reached are in both cases
similar, so this is not a pure lattice artifact, as can be seen from table 7.
Something curious happens also for the 1−3 levels. For large lattice spac-
ings, the second level is substantially below the decay threshold. However,
at smaller spacings it is again compatible with a scattering state or above.
The third level shows no distinct behavior, though at large lattice spacings
it anyway cannot be resolved.
Still, these results suggest that, at least at sufficiently small lattice spac-
ing, the picture is somewhat different from the situation where the ground
state in the 0+1 channel is located at threshold. Thus, these anomalous cases
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Figure 26: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels). Open symbols have an
energy greater than one, but below 1.5, in lattice units, while closed symbols
are below 1. All levels are normalized to scattering states, as detailed in the
text.
are potentially somewhat different from the cases with results compatible
to threshold, especially for the second state in the 0+1 channel. To better
understand this, it will be necessary to analyze the properties of this channel
better, e. g. using a phase-shift analysis.
5 Summary and conclusions
We have presented an extensive qualitative study of the spectroscopy of
Yang-Mills-Higgs theory, interpreting the results in the context of the FMS
mechanism. We find, in agreement with other studies [4, 5, 8, 10, 11, 19–24],
41
The threshold region
Figure 27: The left-hand plot shows the bare continuum parameters exhibit-
ing a 0+1 ground state in the HLD with the 0
+
1 at the decay threshold into
two 1−3 , while the right-hand plot shows the same in terms of the lattice
bare parameters.
that there are many cases, even at rather large bare gauge coupling, where
the spectrum is consistent with just a Higgs-like and a W -like state, and
no further (meta-)stable states in the spectrum. In some cases, however,
we do find other states, especially in the 0−1 channel, i. e. custodial singlets.
Would any of them survive in the standard model, this would be genuinely
new background to new physics searches [1]. That these are not observed
at weaker coupling [24] is, however, discouraging, though it should always
be kept in mind that the present theory is much weaker interacting than
when embedded in the standard model [12]. Also, because of the triviality
problem smaller gauge couplings are by no means preferred.
Outside the physical region the theory provides more unexpected results.
In line with earlier results [10, 11, 19, 20], we also find that it is not possible
to keep the 0+1 lighter than the 1
−
3 without obtaining QCD-like physics. This
is not expected in a perturbative setting. Nonetheless, since we again find
few indications of excited states, this domain seems to be weaker interacting
than expected. In turn, in the HLD we were not able to find any reliable
candidate for a 0+1 state substantially above the decay threshold, which is
again not expected from a perturbative point of view. If these findings
could be corroborated in more detailed and quantitative investigations, this
would strongly suggest that the naive perturbative picture, and the FMS
mechanism, can only be maintained in a very narrow parameter range, with
substantial implications for beyond-the-standard-model physics [2, 48].
Still, the present study is only at a qualitative level, with just one fixed
(lattice) volume, and a somewhat small operator basis. There is always the
possibility that it is just lattice artifacts which obscure the picture. Hence,
dedicated investigations will be necessary to clarify the situation, allowing
42
The spectrum in the threshold region, normalized to the lightest mass
increasing a
lig
ht
es
t
m
/m
0
0.5
1
1.5
2
 ground state
1
+Spectrum development - 0
increasing a
lig
ht
es
t
m
/m
0
0.5
1
1.5
2
2.5
3
-Spectrum development - 1
increasing a
lig
ht
es
t
m
/m
0
1
2
3
4
5
1
+Spectrum development - 2
increasing a
lig
ht
es
t
m
/m
0
1
2
3
4
5
1
-Spectrum development - 0
Figure 28: The ground states in the different quantum number channels,
lattice spacing decreasing from right to left. Open symbols have an energy
greater than one, but below 1.5, in lattice units, while closed symbols are
below 1. All levels are normalized to the lightest mass.
eventually for a more definitive conclusion to be reached.
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Figure 29: The ground states in the different quantum number channels,
lattice spacing decreasing from right to left. Open symbols have an energy
greater than one, but below 1.5, in lattice units, while closed symbols are
below 1. For the normalization, see text.
were performed on the HPC cluster at the Universities of Jena and Graz.
The authors are grateful to the HPC team for the very good performance
of the clusters. The ROOT framework [51] has been used in this project.
A Lattice artifacts
Though a detailed study of lattice artefacts will require substantially more
statistics, especially for larger volumes, and parameter sets, we provide here
some preliminary estimates of the effects. Also a few more remarks on fitting
and statistics are given. The result is that the qualitative conclusions of the
main text remain unaltered.
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2nd and 3rd levels in the threshold region
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Figure 30: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels), lattice spacing decreas-
ing from right to left. Open symbols have an energy greater than one, but
below 1.5, in lattice units, while closed symbols are below 1. All levels are
normalized to scattering states, as detailed in the text.
A.1 Volume
To study the volume dependence, we repeat the investigation of the main
text on additionally smaller volumes of 84 and 164. We also add some results
on 324 lattices, though these have substantially larger statistical fluctuations,
and thus will require much more statistics. The volume dependence will
be studied for some of the different settings in turn, depending on where
sufficient statistics is already available. The different sets of parameters also
vary substantially with respect to lattice spacing, so that the interplay of
both effects is also visible to some extent.
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Anomalous points
Figure 31: The left-hand plot shows the bare continuum parameters exhibit-
ing a 0+1 ground state for anomalous points, while the right-hand plot shows
the same in terms of the lattice bare parameters.
In the QLD, the parameters β = 2.2171, κ = 0.3182, and λ = 1.046 have
been used. The result is shown in figure 35. Besides the data for the four-
volumes also a number of expected states are shown. One is in all channels
the ground-state mass, as extracted from the 244 lattice in the main text.
The others are the possible scattering states, as discussed in section 4.1.
Here, the input masses are also the masses from the 244 lattices.
For this lattice setup, the results for the 2+ are not such that any realistic
conclusion can be drawn, except that its mass is likely above the elastic
decay thresholds. In the other channels, always a stable ground state exists.
The mass of these are essentially volume-independent from the 164 lattice
onwards, and even on the 84 lattice the masses are quite close to the values
of the larger lattices.
The situation for the second levels is less clear. For the 0+, the data
points first follow the second elastic decay threshold in two 1−, but then
become better comparable with a state made up from two 0+ with relative
momenta. The state with two 0+ at rest is not seen. Similarly, for the
second state in the 1− level, it follows the line of a 0+ and a 1− with
relative momenta, rather than the one at rest. Nonetheless, both behaviors
are still compatible with the observation in the main text that these are
probably scattering states. Given that no non-zero momentum states are in
the operator basis, but the elastic thresholds are, it is likely that also other
artifacts play a role.
For a light Higgs, the parameters β = 2.4728, κ = 0.2939, and λ = 1.036
are used. The results are shown in figure 36.
The ground states both in the 0+ and 1− channel show again an essen-
tially stable behavior starting with the 164 lattices. The same is also true
for the 0− state, though with rather large error bars, while for the 2+ no
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Figure 32: The ground states in the different quantum number channels,
lattice spacing decreasing from right to left. Open symbols have an energy
greater than one, but below 1.5, in lattice units, while closed symbols are
below 1. All levels are normalized to the lightest mass.
conclusive results are available.
The second level of the 0+ is, even for all volumes, stable, and essentially
consistent with the threshold. This is not true for the third level, which
comes out too high. The situation for the higher levels in the 1− channel is
more involved. The second level is far off for any volumes smaller than 244.
For the largest two volumes, it clusters around the expected level, but not
fully convincing yet. The third level is also consistently to high compared
to the expected level. Still, in all cases none of the higher levels show a
behavior which strongly suggest that any of the states is surplus compared
to the expected scattering states.
For a physical Higgs, the parameters β = 2.7984, κ = 0.2954, and λ =
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Figure 33: The ground states in the different quantum number channels,
lattice spacing decreasing from right to left. Open symbols have an energy
greater than one, but below 1.5, in lattice units, while closed symbols are
below 1. For the normalization, see text.
1.317 are used. The results are shown in figure 37.
The ground state in the 0+ channel is essentially volume independent.
However, the 1− state only converges to its final volume on the 244 lattice,
though it is very close already at 164. The results in the 0− and 2+ channels
are statistically too unreliable to give a final result, but within two standard
deviations the results agree on the larger volumes.
The second state in the 0+ channel is for all volumes pretty good in
agreement with a scattering state. The third state comes out too high for
all volumes larger than 84. Still, the result is consistent with the absence
of further states. The second state in the 1− channel shows a drift to the
3-particle scattering state for the large volumes, while it is compatible with
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Figure 34: The two next states after the ground state in the 0+1 channel
(upper panels) and the 1−3 channel (bottom panels), lattice spacing decreas-
ing from right to left. Open symbols have an energy greater than one, but
below 1.5, in lattice units, while closed symbols are below 1. All levels are
normalized to scattering states, as detailed in the text.
a 2-particle scattering state for the smaller volumes. Though the operator
basis includes both states, it appears that the resolution for larger volumes
is difficult. The third states comes out substantially too high. In total, the
result is compatible with the statement in the main text that no reasonable
signal for additional states is seen.
Finally, at threshold, the parameters β = 2.7984, κ = 0.2954, and λ =
1.264 are used. At this mass, there are potentially two scenarios. One is
that there is indeed no bound state in the 0+ channel. The other is that
there is a bound state at threshold, in addition to a scattering state. To
illustrate both options, both interpretations are included for the expected
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Figure 35: The volume dependence of the extracted states in the QLD. Note
that here and hereafter the different channels have been slightly displaced
horizontally for better visibility.
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Figure 36: The volume dependence of the extracted states for a light Higgs.
Symbols and lines have the same meaning as in figure 35.
states in figure 38, where also the results are shown.
Indeed, in the 0+ channel there are two states around threshold, only
lightly dependent on volume. The third state increases substantially with
volume, and may therefore correspond to the next expected state. Thus, the
results in this case correspond best to a state close to threshold. Whether it
is slightly above or below threshold would require statistically better results
and possibly a phase shift analysis.
The lowest state in the 1− channel is again essentially volume-independent
at above 164 volumes. The next state moves substantially around, indicat-
ing still some problems with fitting. Nonetheless, it predominantly clus-
ters around the threshold region, winch has two very close-by independent
thresholds, one based on a 0+-1− combination and the other a three 1−
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Figure 37: The volume dependence of the extracted states for a physical
Higgs. Symbols and lines have the same meaning as in figure 35.
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Figure 38: The volume dependence of the extracted states for the threshold
case. Symbols and lines have the same meaning as in figure 35.
combination. However, the next state is again substantially higher, showing
that again the coupling to either of the scattering states is absent.
The states in the 0− and 2+ channels are essentially consistent for the
different volumes, tough with large error bars. They are also both above
threshold, and therefore possibly scattering states.
In total, all cases show the same results: the ground states on the 244
lattices employed in the main text are essentially already in an essentially
volume-independent regime. Thus, the corresponding results appear rather
reliable. Any other states in the HLD are usually above or around scattering
states. However, not all scattering states are seen, even though they are
present in the operator basis. On the other hand, no surplus states are
seen. Thus, in agreement with the main text, the additional states appear
to be all scattering states, except for the QLD. However, the assignment to
51
which scattering states would require better statistics, and possibly a larger
operator basis. Thus, the volume-dependence of the results seems, at least
to some extent, to qualitatively support the main text.
A.2 Discretization
Analyzing discretization artifacts is much more complicated. The original
hope that some of the analyzed states could be sufficiently stable through-
out the phase diagram could not be confirmed. Thus, only the ground state
in the 0+ and 1− channels can be used to identify LCPs. Deep inside the
threshold region or the QLD, where one of the states would become also
unstable, even only one. Thus, a third parameter is missing. Once a sta-
tistically reliable set of different volumes is obtained, the phase shift will
provide a possibility to have further physical parameters to fix LCPs. But
this is not yet the case.
To circumvent the problem, here the running gauge coupling will be
used, as determined from the renormalization-scale invariant combination
α(p) = α(µ0)p
6D2G(p)DW (p),
where α(µ0) is the coupling at the lattice cutoff obtained from β, DG is the
(minimal-)Landau gauge ghost propagator and DW is the W -propagator.
Details of their determination can be found in [12]. Note that this running
gauge coupling is also used to obtain an independent determination of ΛMS
for QCD [33], and therefore represents a sufficiently sound basis to analyze
discretization artifacts.
To fix the other two parameters, only parameter combinations from the
physical Higgs region have been included, i. e. m0+ = 125 ± 10 GeV. Fi-
nally, the last condition is that α(200 GeV) = 0.66 ± 0.05. To avoid any
consequences due to violations of rotational symmetry, all momenta are eval-
uated on the x−axis, and a linear interpolation is performed between the
two closest momentum values above an below 200 GeV.
The dependence of the masses on the lattice cutoff for these requirements
are shown in figure 39. By construction, the lowest states in the 0+ and 1−
channel are independent of the lattice cutoff.
The 0− states have rather large error bars. However, consistent with the
interpretation that they are made up from two 1− particles with relative
momenta, they are, within 2σ, always consistent with this result. Further-
more, they have a trend upward for finer lattices, though not a statistically
relevant one, for smaller a, which would be expected in case of relative mo-
mentum of the constituents. The few 2+ state also have rather large errors,
but except for one they are also in a 2σ band around the expected 2-1−
structure with no relative momentum.
The second state in the 0+ channel is, where seen and except in one
case, always consistent with the expected 2-1−-particle substructure with
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Figure 39: The cutoff dependence of the extracted states for a physical Higgs.
Different channels have been slightly displaced for better visibility. Symbols
and lines have the same meaning as in figure 35. Especially, the black solid
lines are in the 0+ channel made from constituents without relative momenta
and the red dashed lines are in the 1− channel made from constituents
without relative momenta.
no relative internal momenta, for all lattice cutoffs. The third state only
appears relatively late, which is to be expected given the cut to include only
states with energy in lattice units below 1.5, and then consistent with two
0+ ground states with no internal momentum, again for all lattice cutoffs.
The only state showing a trend with better discretization is the second
state in the 1− channel, which moves upwards, and somewhat overshots then
the expected scattering threshold. What happens at the finest discretization
is unclear. However, the correlator shows a rather large fluctuation at large
times, so it may be possible that substantially increased statistics will change
the situation. Again, as in the case of the third 0+ state, the third 1− almost
never appears, due to the cut on the lattice mass of 1.5.
Concluding, within statistical error, so far only the second 1− state shows
a systematic dependence on the lattice cutoff. Though better statistics may
reveal more systematic behavior, at the current time it appears that the
results of the main text are mostly unaffected by discretization artifacts.
A.3 Fitting
As can be seen in figure 2-4, many correlators show a pronounced behavior
as a function of time, and not a single plateau. Especially, at larger times
often a relaxation to a smaller mass is observed, necessitating two-states fits.
On the other hand, especially for states higher up in the spectrum, a fit over
the full time extent is rarely possible, with the available statistics. Hence,
it may well be that especially for the higher states some intermediate state
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are missed. This would explain that sometimes particular scattering states
in the systematic studies of sections A.1 and A.2 are not seen: It may well
be that they would appear at longer time extent. This is supported by the
fact that usually expected states higher up in the spectrum are observed.
Thus, the limited statistics plays here an important role. This problem is
aggravated by the fact that the density of states here is, compared to e. g.
QCD, very small, as no additional bound states seem to appear. Hence,
statistics so far seriously limits the identification of states above the ground
states. In the 0− and 2+ channels, where there appear to be no bound
ground state in the HLD, this problem becomes even more severe, as thus
the lowest state is already very heavy in lattice units, and therefore the
correlators often drown early in noise.
Concluding, the limited statistics plays an important role in the iden-
tification of non-bound states. More statistics will be needed to reliably
exclude the existence of non-trivial states. Of course, especially for higher
states non-zero momentum states will also be relevant. A possible set of
further operators is given, e. g., in [24].
B Numerical values
In this appendix we provide the raw numerical values for the energy levels in
lattice units. We report only values which have been used in the main text.
Especially, we only give those results where the average value in lattice units
are at or below 1.5. This implies that some (very few) entries are completely
empty, indicating that for these parameters no states with a mass below 1.5
have been found. The errors are 1σ statistical ones only. As discussed in
section 2.5 the systematic uncertainties in the fitting procedure for energies
above 1 in lattice units alone will probably exceed these errors. Hence,
caution should be exercised when comparing to these values. Furthermore,
especially for states significantly above the lightest, finite-volume corrections
may be large [52, 53]. The results shown in sections 4.1-4.7 are given in tables
1-7, respectively. The ordering in the table is, as in the plots in the main
text, according to the ratio of the ground states masses in the 1−3 to the 0
+
1
channel in decreasing order, as long as the 0+1 channel satisfies the stability
criterion discussed in the main text. After that, the entries are in order of
decreasing lattice spacing.
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Table 1: The raw numerical values for the energy levels for the
various values of β, κ, and λ in the QCD-like domain, which have
been used in section 4.1. 1st, 2nd, and 3rd refer to the respective
levels in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.4882 0.125 0 0.88+0.04
−0.01 1.1
+0.1
−0.3 1.2
+0.2
−0.6
2.3724 0.125 0 1.0+0.1
−0.3 1.2
+0.1
−0.3
2.4492 0.2939 1.036 0.111+0.003
−0.003 0.225
+0.003
−0.003 0.490
+0.002
−0.001 0.283
+0.003
−0.003 0.512
+0.009
−0.009 1.09
+0.02
−0.02 0.19
+0.01
−0.01
2.7752 0.125 0 0.91+0.05
−0.02 1.2
+0.2
−0.3
2.7984 0.2895 1.317 0.32+0.03
−0.02 0.82
+0.04
−0.02 0.74
+0.08
−0.07 1.41
+0.02
−0.02
4.2230 0.2249 0.9762 0.9+0.3
−0.3 1.2
+0.3
−0.7 0.9
+0.3
−0.1
2.5331 0.2860 1.121 0.6+0.1
−0.1 0.96
+0.01
−0.01 1.4
+0.1
−0.1 1.3
+0.0
−0.1 0.6
+0.2
−0.5
2.6626 0.125 0 1.0+0.1
−0.3 0.68
+0.06
−0.06
2.2651 0.125 0 1.1+0.1
−0.1 1.4
+0.0
−0.2 1.1
+0.2
−0.3
2.2210 0.125 0 1.5+0.0
−0.1 0.9
+0.1
−0.2
2.2410 0.125 0 1.39+0.02
−0.09 1.5
+0.0
−0.2
2.4245 0.125 0 1.06+0.03
−0.02 0.9
+0.2
−0.1
2.4728 0.2939 1.088 0.247+0.005
−0.004 0.41
+0.02
−0.02 0.87
+0.03
−0.03 0.47
+0.02
−0.02 0.58
+0.08
−0.09
2.4728 0.2792 1.036 0.47+0.02
−0.02 1.26
+0.02
−0.02 0.891
+0.000
−0.001 0.9
+0.3
−0.4
2.2010 0.125 0 1.2+0.1
−0.1
2.3296 0.125 0 1.21+0.03
−0.02 1.1
+0.3
−0.2
2.1810 0.125 0
2.3095 0.2668 0.5254 0.47+0.02
−0.03 0.88
+0.02
−0.02 1.22
+0.02
−0.01 0.9
+0.1
−0.1 1.4
+0.5
−0.2 0.44
+0.06
−0.03
2.3050 0.2857 1.455 1.17+0.06
−0.07 1.2
+0.1
−0.4
2.6000 0.2808 1.020 0.7+0.2
−0.0 0.93
+0.02
−0.03 1.3
+0.5
−0.1 1.24
+−0.14
−0.02 1.3
+0.2
−0.6
2.6434 0.2905 1.398 0.754+0.006
−0.002 0.92
+0.06
−0.06 1.5
+0.5
−0.1 1.19
+0.03
−0.07 0.9
+0.4
−0.4 0.6
+0.3
−0.1
Continued on next page
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Table 1 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.7622 0.2914 1.353 0.48+0.02
−0.01 0.88
+0.00
−0.02 1.19
+0.08
−0.04 0.74
+0.05
−0.05 1.1
+0.2
−0.0
4.0000 0.2500 1.0000 1.0+0.3
−0.2 1.43
+0.02
−0.01 1.5
+0.0
−0.7 1.2
+0.1
−0.1
2.3637 0.2939 1.293 1.08+0.02
−0.02 1.5
+0.1
−0.2 1.0
+0.2
−0.4
2.7984 0.2836 1.317 0.849+0.008
−0.005 1.034
+0.008
−0.006 1.2
+0.0
−0.1 1.16
+0.05
−0.03
2.3346 0.2590 0.4979 0.835+0.009
−0.008 1.215
+0.010
−0.008 1.2
+0.1
−0.1 0.87
+0.07
−0.06
2.1712 0.2889 0.7224 1.2+0.0
−0.3 0.9
+0.5
−0.2 1.4
+0.5
−0.8
2.0000 0.2500 0 0.7+0.1
−0.1 1.0
+1.1
−0.5
4.9409 0.125 0 1.17+0.07
−0.00 1.5
+0.1
−0.1 1.1
+0.1
−0.1
3.0000 0.3150 5.000 1.147+0.010
−0.008 1.4
+0.1
−0.1 1.08
+0.05
−0.03
2.2171 0.3182 1.046 0.47+0.01
−0.02 1.04
+0.02
−0.02 1.209
+0.001
−0.001 0.569
+0.004
−0.006 1.203
+0.001
−0.001 0.48
+0.02
−0.03
4.0000 0.3150 1.050 0.26+0.03
−0.00 0.91
+0.03
−0.03 1.317
+0.005
−0.002 0.314
+0.002
−0.002 1.1
+0.0
−0.5
2.9147 0.125 0 0.6+0.1
−0.0 0.8
+0.4
−0.3 1.1
+0.2
−0.2
2.8739 0.2919 1.551 0.69+0.04
−0.03 1.4
+0.2
−0.1 0.8
+0.1
−0.1 1.5
+0.2
−0.1 0.9
+0.2
−0.0
4.6000 0.2500 1.0000 1.3+0.0
−0.3 1.3
+0.2
−0.2 1.4
+0.1
−0.2 1.3
+0.8
−0.8 1.3
+0.0
−0.5
Table 2: The raw numerical values for the energy levels for the
various values of β, κ, and λ in the crossover region, which have
been used in section 4.2. 1st, 2nd, and 3rd refer to the respective
levels in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.2060 0.3084 0.9983 0.926+0.008
−0.008 0.931
+0.002
−0.008
2.2943 0.125 0 1.29+0.04
−0.02 1.3
+0.8
−0.5 1.2
+0.2
−0.3
2.5008 0.2829 1.015 0.92+0.02
−0.03 0.9
+0.1
−0.1 1.29
+0.01
−0.01 0.5
+0.5
−0.3 1.1
+0.2
−0.0
2.2975 0.3254 1.371 0.48+0.08
−0.02 0.7
+0.1
−0.1 1.22
+0.08
−0.00 0.471
+0.006
−0.007 1.279
+0.002
−0.002 0.73
+0.06
−0.09 1.4
+0.1
−0.1
Continued on next page
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Table 2 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.7665 0.2954 1.317 0.22+0.05
−0.02 0.43
+0.01
−0.01 0.65
+0.02
−0.02 0.205
+0.002
−0.002 0.60
+0.01
−0.01 1.05
+0.02
−0.02
2.7824 0.2954 1.317 0.23+0.08
−0.04 0.31
+0.04
−0.01 0.52
+0.02
−0.01 0.213
+0.002
−0.002 0.703
+0.010
−0.010 1.12
+0.02
−0.02 0.8
+0.3
−0.4 1.2
+0.1
−0.4
Table 3: The raw numerical values for the energy levels for the
various values of β, κ, and λ for a light Higgs, which have been
used in section 4.3. 1st, 2nd, and 3rd refer to the respective levels
in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.7987 0.2953 1.320 0.23+0.04
−0.02 0.45
+0.02
−0.02 0.82
+0.02
−0.04 0.209
+0.002
−0.002 0.62
+0.01
−0.01 1.07
+0.02
−0.02 0.9
+0.5
−0.5
2.7984 0.3013 1.317 0.31+0.10
−0.02 0.58
+0.05
−0.04 0.740
+0.002
−0.003 0.284
+0.003
−0.003 1.020
+0.008
−0.007 0.9
+0.2
−0.4
2.7704 0.2954 1.317 0.23+0.02
−0.01 0.39
+0.04
−0.03 0.7
+0.2
−0.1 0.211
+0.002
−0.002 0.593
+0.008
−0.008 1.15
+0.02
−0.02 0.6
+0.3
−0.5 1.5
+0.0
−0.2
3.5010 0.2992 1.145 0.4+0.1
−0.1 0.74
+0.02
−0.02 1.14
+0.04
−0.01 0.307
+0.002
−0.002 1.387
+0.003
−0.001
4.0000 0.3000 0.9500 0.4+0.1
−0.0 0.87
+0.03
−0.02 1.43
+0.05
−0.01 0.331
+0.003
−0.004
2.2667 0.3141 1.043 0.67+0.01
−0.01 1.36
+0.02
−0.02 0.50
+0.01
−0.03 1.320
+0.002
−0.002 0.57
+0.10
−0.07 1.5
+0.7
−0.1
2.3862 0.3174 1.169 0.6+0.2
−0.2 0.921
+0.008
−0.006 0.45
+0.01
−0.04 1.465
+0.003
−0.001 1.3
+0.2
−0.2 1.2
+0.2
−0.2
2.2847 0.3152 1.098 0.675+0.004
−0.005 1.00
+0.02
−0.01 1.295
+0.006
−0.003 0.491
+0.003
−0.003 1.275
+0.001
−0.001 0.71
+0.04
−0.04 0.72
+1.21
−0.44
2.4728 0.2939 1.036 0.411+0.007
−0.007 0.65
+0.01
−0.01 1.048
+0.003
−0.004 0.292
+0.002
−0.002 0.650
+0.003
−0.003 1.20
+0.03
−0.02 0.4
+0.1
−0.1 0.6
+0.2
−0.1
2.8518 0.2862 1.334 0.74+0.05
−0.03 1.09
+0.02
−0.02 0.5
+0.2
−0.1 1.30
+0.06
−0.02 0.6
+0.2
−0.1 1.26
+0.05
−0.03
4.0000 0.2850 1.030 0.35+0.05
−0.05 0.66
+0.02
−0.02 0.94
+0.01
−0.01 0.245
+0.001
−0.001 1.02
+0.06
−0.05 1.237
+0.007
−0.006 0.9
+0.4
−0.3 1.3
+0.1
−0.2
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Table 4: The raw numerical values for the energy levels for the
various values of β, κ, and λ for a physical Higgs, which have been
used in section 4.4. 1st, 2nd, and 3rd refer to the respective levels
in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
4.0000 0.3000 1.0000 0.46+0.10
−0.07 0.81
+0.03
−0.03 1.40
+0.06
−0.03 0.315
+0.004
−0.005 0.7
+0.2
−0.1 0.3
+0.1
−0.2
2.8518 0.2981 1.387 0.34+0.07
−0.02 0.43
+0.03
−0.02 0.63
+0.03
−0.01 0.229
+0.002
−0.001 0.729
+0.007
−0.007 1.09
+0.03
−0.02 0.8
+0.5
−0.4 0.4
+0.2
−0.1
2.7984 0.2954 1.330 0.32+0.02
−0.02 0.59
+0.02
−0.01 0.9
+0.1
−0.3 0.213
+0.001
−0.001 0.677
+0.007
−0.007 1.18
+0.02
−0.01 1.2
+0.1
−0.4 1.5
+0.1
−0.2
2.7984 0.2954 1.317 0.33+0.02
−0.02 0.466
+0.006
−0.006 1.0
+0.1
−0.1 0.2171
+0.0007
−0.0008 0.65
+0.01
−0.01 1.153
+0.010
−0.009 1.4
+0.2
−0.4 0.4
+0.1
−0.1
2.3000 0.3100 1.0000 0.72+0.02
−0.05 0.91
+0.04
−0.06 1.377
+0.001
−0.002 0.47
+0.01
−0.01 1.271
+0.002
−0.002 0.90
+0.07
−0.05 1.5
+0.2
−0.3
2.8303 0.2954 1.317 0.337+0.002
−0.003 0.38
+0.04
−0.03 0.601
+0.006
−0.004 0.222
+0.002
−0.002 0.70
+0.02
−0.02 1.18
+0.03
−0.03 0.9
+0.5
−0.5 0.3
+0.2
−0.1
2.3000 0.3200 1.100 0.8+0.1
−0.2 1.3
+0.3
−0.4 0.516
+0.003
−0.004 1.483
+0.003
−0.002 0.7
+0.2
−0.3
2.7000 0.2851 1.050 0.301+0.007
−0.007 0.75
+0.05
−0.04 1.00
+0.01
−0.01 0.193
+0.001
−0.001 0.429
+0.007
−0.007 1.048
+0.008
−0.007 0.6
+0.2
−0.2 1.2
+0.2
−0.0
2.7984 0.2954 1.343 0.32+0.03
−0.03 0.58
+0.04
−0.02 1.196
+0.008
−0.008 0.205
+0.001
−0.001 0.585
+0.005
−0.005 1.14
+0.01
−0.01 0.8
+0.3
−0.2 1.4
+0.1
−0.2
2.2945 0.3191 1.143 0.78+0.01
−0.03 0.99
+0.03
−0.05 1.47
+0.01
−0.02 0.49
+0.00
−0.01 1.337
+0.001
−0.001 0.89
+0.04
−0.05
2.3767 0.3178 1.154 0.7+0.2
−0.2 0.97
+0.03
−0.03 0.468
+0.004
−0.009 0.98
+0.01
−0.01 0.8
+−0.2
−0.2
2.7984 0.2954 1.304 0.34+0.03
−0.02 0.50
+0.01
−0.01 0.9
+0.2
−0.1 0.215
+0.002
−0.002 0.73
+0.01
−0.01 1.03
+0.02
−0.02 1.3
+0.2
−0.5
4.0000 0.4000 2.000 0.72+0.03
−0.10 0.9
+0.5
−0.5 0.45
+0.04
−0.05 0.5
+1.0
−0.0 1.4
+0.1
−0.8
2.6000 0.2925 1.061 0.46+0.09
−0.08 0.55
+0.03
−0.02 1.0
+0.1
−0.3 0.287
+0.003
−0.003 0.906
+0.005
−0.005 1.0
+0.1
−0.4 0.8
+0.2
−0.1 0.8
+0.5
−0.1
2.3579 0.3208 1.010 0.86+0.04
−0.00 1.127
+0.006
−0.006 0.54
+0.01
−0.02 0.8
+0.0
−0.2 1.5
+0.2
−0.4
2.2674 0.3157 0.9920 0.85+0.01
−0.01 1.10
+0.03
−0.02 0.52
+0.01
−0.02 1.419
+0.006
−0.006 1.1
+0.1
−0.1
2.2696 0.3195 1.034 0.9+0.0
−0.1 1.14
+0.06
−0.09 0.547
+0.002
−0.002 1.487
+0.004
−0.003 0.7
+0.2
−0.2
2.3634 0.3223 1.066 0.9+0.1
−0.1 1.105
+0.004
−0.004 0.533
+0.002
−0.002 1.2
+0.2
−0.3
4.5000 0.3000 1.0000 0.5+0.2
−0.1 0.80
+0.03
−0.03 0.306
+0.002
−0.002 1.4
+0.1
−0.6
2.3827 0.3017 1.018 0.635+0.009
−0.008 0.73
+0.06
−0.03 1.1
+0.1
−0.0 0.39
+0.02
−0.02 1.121
+0.003
−0.003 0.9
+0.2
−0.2 1.1
+0.1
−0.6
2.2500 0.3200 1.0000 0.93+0.01
−0.08 1.1
+0.1
−0.1 0.567
+0.002
−0.002 1.0
+0.1
−0.2 1.4
+0.2
−0.1
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Table 4 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.2664 0.3163 0.9745 0.916+0.006
−0.005 0.552
+−0.003
−0.003 1.0
+0.2
−0.4 0.9
+0.4
−0.5
2.4526 0.3161 1.313 0.67+0.04
−0.01 0.75
+0.05
−0.10 1.03
+0.06
−0.01 0.403
+0.004
−0.005 1.285
+0.002
−0.002 0.9
+0.2
−0.2
4.2000 0.3000 1.0000 0.52+0.01
−0.01 0.97
+0.04
−0.03 1.46
+0.02
−0.02 0.309
+0.006
−0.001 0.7
+0.3
−0.1 1.4
+0.1
−0.2
2.8144 0.2954 1.317 0.36+0.03
−0.02 0.48
+0.01
−0.01 0.84
+0.06
−0.04 0.212
+0.002
−0.002 0.727
+0.009
−0.009 1.02
+0.02
−0.02 1.2
+0.4
−0.7
2.4728 0.2939 0.9842 0.56+0.02
−0.03 1.0
+0.1
−0.0 1.35
+0.01
−0.10 0.331
+0.004
−0.004 1.061
+0.002
−0.002 0.6
+0.2
−0.5 1.2
+0.1
−0.1
Table 5: The raw numerical values for the energy levels for the
various values of β, κ, and λ for a heavy Higgs, which have been
used in section 4.5. 1st, 2nd, and 3rd refer to the respective levels
in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.2837 0.3248 1.120 0.9+0.0
−0.2 0.548
+0.003
−0.003 1.23
+0.06
−0.04 1.1
+0.3
−0.4
2.7984 0.2924 1.317 0.289+0.004
−0.004 0.49
+0.03
−0.02 0.80
+0.04
−0.00 0.1695
+0.0007
−0.0007 0.415
+0.008
−0.008 0.71
+0.07
−0.10 1.0
+0.7
−0.5 1.10
+0.07
−0.05
2.3107 0.3183 1.048 0.9+0.1
−0.1 0.95
+0.00
−0.06 0.521
+0.002
−0.003 1.50
+0.00
−0.02 1.0
+0.2
−0.2 1.5
+0.1
−0.9
3.8515 0.2771 2.708 0.6+0.1
−0.1 0.4
+0.2
−0.2 0.9
+0.1
−0.1 0.5
+0.8
−0.1
2.7984 0.2954 1.370 0.33+0.02
−0.02 0.43
+0.02
−0.04 0.62
+0.05
−0.04 0.191
+0.001
−0.001 0.522
+0.006
−0.005 1.096
+0.009
−0.008 1.4
+0.2
−0.5 1.18
+0.05
−0.05
2.4964 0.2939 1.036 0.51+0.01
−0.03 1.030
+0.009
−0.009 1.310
+0.001
−0.001 0.288
+0.003
−0.004 0.981
+0.002
−0.002 0.64
+0.09
−0.07
2.8264 0.2954 1.317 0.40+0.04
−0.02 0.45
+0.03
−0.02 0.8
+0.2
−0.1 0.224
+0.002
−0.002 0.76
+0.01
−0.01 1.16
+0.03
−0.03 1.1
+0.5
−0.4 0.7
+0.7
−0.5
2.3030 0.3168 0.9900 0.979+0.005
−0.005 1.24
+0.02
−0.02 0.538
+0.002
−0.002 0.9
+0.3
−0.3
2.6000 0.2925 0.9792 0.59+0.06
−0.03 0.60
+0.08
−0.08 0.9
+0.4
−0.1 0.325
+0.005
−0.005 1.159
+0.003
−0.002 1.2
+0.2
−0.4 0.7
+0.4
−0.2
2.2655 0.3220 0.9811 1.056+0.008
−0.007 1.38
+0.04
−0.03 0.579
+0.003
−0.003 1.292
+0.009
−0.007 1.0
+0.0
−0.2 1.4
+0.3
−0.2
2.2786 0.3224 0.9801 1.071+0.006
−0.005 1.21
+0.04
−0.05 0.576
+0.002
−0.002 1.0
+0.2
−0.3
2.8518 0.3100 1.334 0.63+0.06
−0.02 0.74
+0.02
−0.01 1.05
+0.03
−0.01 0.338
+0.004
−0.005 1.0
+0.2
−0.2 1.3
+0.1
−0.1 1.5
+0.1
−0.1
2.7000 0.2939 1.082 0.55+0.03
−0.01 0.691
+0.005
−0.004 0.297
+0.003
−0.004 1.086
+0.003
−0.002 1.1
+0.2
−0.1
Continued on next page
59
Table 5 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.3827 0.3176 0.9671 1.0+0.1
−0.1 1.13
+0.01
−0.01 0.537
+0.003
−0.004 1.1
+0.4
−0.3
2.6000 0.3042 1.020 0.69+0.08
−0.03 0.88
+0.06
−0.03 1.3
+0.1
−0.0 0.37
+0.03
−0.06 0.6
+0.3
−0.1 1.34
+0.03
−0.01 0.6
+0.4
−0.3 1.5
+0.1
−0.2
2.3023 0.3211 1.020 1.041+0.005
−0.004 1.1
+0.1
−0.2 0.553
+0.002
−0.002 0.9
+0.1
−0.1 1.4
+0.7
−0.2
2.3146 0.3201 1.071 0.983+0.004
−0.004 1.11
+0.08
−0.04 0.520
+0.004
−0.006 0.9
+0.3
−0.3 1.5
+0.1
−0.2
2.4072 0.3228 1.110 1.0+0.1
−0.3 1.1
+0.0
−0.2 0.512
+0.003
−0.003 0.9
+0.3
−0.2
2.2846 0.3224 0.9755 1.10+0.00
−0.01 0.578
+0.002
−0.002 1.5
+0.1
−0.4
2.7210 0.2939 1.050 0.59+0.05
−0.04 0.74
+0.01
−0.02 0.308
+0.004
−0.004 1.0
+0.1
−0.1 1.184
+0.002
−0.001 0.9
+0.6
−0.6 1.3
+0.2
−0.1
2.2630 0.3245 0.9179 1.181+0.004
−0.005 1.29
+0.07
−0.06 0.614
+0.002
−0.002 1.49
+0.03
−0.03
2.5500 0.2950 1.040 0.62+0.02
−0.02 0.65
+0.02
−0.01 1.10
+0.01
−0.01 0.323
+0.002
−0.002 1.033
+0.007
−0.010 1.1
+0.2
−0.3 1.4
+0.1
−0.1
2.3000 0.3100 1.0000 1.050+0.007
−0.006 1.30
+0.03
−0.03 0.54
+0.01
−0.03
2.2920 0.3269 1.042 1.118+0.005
−0.005 1.14
+0.06
−0.03 0.577
+0.002
−0.002 1.2
+0.0
−0.4
Table 6: The raw numerical values for the energy levels for the
various values of β, κ, and λ for a Higgs at threshold, which have
been used in section 4.6. 1st, 2nd, and 3rd refer to the respective
levels in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.3744 0.3214 1.123 0.97+0.04
−0.02 1.04
+0.01
−0.10 0.50
+0.01
−0.04 1.0
+−0.0
−0.2 1.5
+0.0
−0.2
2.6240 0.2925 1.020 0.57+0.04
−0.02 0.687
+0.007
−0.006 1.2
+0.1
−0.1 0.295
+0.008
−0.008 0.9
+0.1
−0.1 1.0
+−0.0
−0.3
2.2916 0.3220 0.9560 1.1+0.1
−0.1 1.140
+0.008
−0.006 0.57
+0.01
−0.08 1.3
+0.2
−0.2
2.4000 0.5000 1.0000 1.1+0.1
−0.1
2.3000 0.3300 1.0000 1.225+0.006
−0.005 1.5
+0.0
−0.2 0.604
+0.002
−0.002 1.5
+0.2
−0.1
2.3000 0.3200 0.9000 1.166+0.005
−0.005 1.5
+0.0
−0.3 0.587
+0.002
−0.002 1.46
+0.05
−0.05
2.3498 0.3206 0.9991 1.134+0.009
−0.006 1.3
+0.0
−0.4 0.550
+0.003
−0.003 1.2
+0.3
−0.3
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Table 6 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.4486 0.3228 0.9699 1.1+0.1
−0.3 1.32
+0.04
−0.03 0.550
+0.002
−0.002
2.3504 0.3214 1.010 1.125+0.007
−0.006 1.27
+0.04
−0.03 0.547
+0.003
−0.003
2.3500 0.3200 1.0000 1.07+0.10
−0.04 1.113
+0.009
−0.007 0.541
+0.003
−0.003 0.9
+0.1
−0.3
2.8650 0.3197 0.8098 1.1+0.1
−0.1 1.420
+0.006
−0.003 0.530
+0.004
−0.003
2.3798 0.3224 1.061 1.101+0.010
−0.008 1.25
+0.04
−0.03 0.530
+0.004
−0.004 1.4
+0.2
−0.2 1.4
+0.3
−0.1
2.3636 0.3176 1.018 1.06+0.05
−0.01 1.1
+0.1
−0.0 0.520
+0.003
−0.003 0.8
+0.0
−0.4
2.3827 0.3176 1.018 1.080+−0.015
−0.003 1.17
+0.05
−0.02 0.518
+0.002
−0.001 0.9
+0.1
−0.3
2.3788 0.3227 1.104 1.08+−0.03
−0.06 1.09
+0.07
−0.09 0.52
+0.00
−0.02 1.4
+0.3
−0.4
2.3783 0.3221 1.118 1.1+0.0
−0.1 1.18
+0.00
−0.03 0.50
+0.01
−0.06 1.5
+0.4
−0.6
2.4305 0.3227 1.036 1.0+0.2
−0.1 1.13
+−0.03
−0.03 0.495
+0.007
−0.009 1.1
+0.4
−0.3
2.3827 0.3176 1.069 1.032+0.006
−0.005 1.09
+0.03
−0.02 0.494
+0.004
−0.008
2.3714 0.3178 1.148 0.93+0.01
−0.08 1.05
+0.03
−0.03 0.46
+0.01
−0.02 1.428
+0.007
−0.007 1.2
+0.4
−0.4 1.3
+0.7
−0.2
2.6957 0.2754 0.5674 0.88+0.04
−0.09 1.034
+0.002
−0.004 0.442
+0.002
−0.003 1.1
+0.3
−0.3
2.3964 0.3169 1.189 0.903+0.006
−0.005 0.98
+0.02
−0.02 0.44
+0.01
−0.02 1.455
+0.003
−0.003 0.9
+0.2
−0.1
2.4728 0.3086 1.036 0.86+0.05
−0.05 0.955
+0.007
−0.006 0.437
+0.009
−0.009 1.497
+0.004
−0.006 1.5
+0.1
−0.5 1.0
+0.3
−0.0
2.6790 0.2939 1.050 0.63+0.06
−0.08 0.64
+0.03
−0.03 1.36
+0.01
−0.01 0.315
+0.003
−0.003 1.119
+0.002
−0.002 1.4
+0.2
−0.1
2.7270 0.2939 1.050 0.63+0.05
−0.04 0.772
+0.003
−0.003 0.312
+0.002
−0.002 1.081
+0.007
−0.006 1.17
+0.08
−0.08
2.6730 0.2939 1.050 0.62+0.03
−0.02 0.64
+0.02
−0.02 1.1
+0.1
−0.0 0.311
+0.002
−0.002 1.133
+0.002
−0.002 1.3
+0.1
−0.1 0.7
+0.2
−0.3 1.35
+0.02
−0.05
2.7000 0.2939 1.050 0.62+0.07
−0.05 0.6
+0.1
−0.0 0.9
+0.3
−0.1 0.311
+0.003
−0.003 1.188
+0.001
−0.002 1.4
+0.2
−0.1 0.7
+0.2
−0.3 0.4
+1.4
−0.0
2.6000 0.2925 1.020 0.645+0.007
−0.007 0.65
+0.02
−0.03 1.1
+0.2
−0.2 0.308
+0.003
−0.003 0.7
+0.0
−0.2 1.17
+0.01
−0.06 1.0
+0.2
−0.2
2.7000 0.2939 1.060 0.63+0.02
−0.02 0.71
+0.02
−0.01 1.2
+0.1
−0.0 0.305
+0.002
−0.002 0.88
+0.03
−0.03 1.04
+0.06
−0.06 0.6
+0.3
−0.2 0.6
+0.9
−0.4
2.5760 0.2925 1.020 0.57+0.04
−0.03 0.59
+0.04
−0.03 1.0
+0.2
−0.2 0.288
+0.004
−0.004 1.024
+0.002
−0.003 1.2
+0.2
−0.4
2.7000 0.2910 1.050 0.57+0.04
−0.03 0.652
+0.004
−0.004 1.07
+0.02
−0.02 0.285
+0.002
−0.002 0.98
+0.07
−0.03 1.3
+0.1
−0.1 0.9
+0.3
−0.4
2.8518 0.2981 1.281 0.57+0.03
−0.08 0.659
+0.007
−0.001 1.40
+0.07
−0.09 0.269
+0.002
−0.002 1.061
+0.001
−0.001 1.31
+0.06
−0.08 0.9
+0.2
−0.3 0.9
+0.4
−0.1
4.0000 0.2850 1.0000 0.5+0.1
−0.1 0.65
+0.01
−0.01 0.95
+0.05
−0.05 0.2534
+0.0007
−0.0008 1.12
+0.05
−0.05 1.281
+0.004
−0.005 1.0
+0.1
−0.1
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Table 6 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.7984 0.2984 1.317 0.52+0.03
−0.02 0.600
+0.010
−0.008 1.0
+0.3
−0.2 0.250
+0.002
−0.002 0.77
+0.01
−0.02 1.20
+0.04
−0.04 0.9
+0.2
−0.2 1.33
+0.06
−0.06
2.8859 0.2981 1.334 0.49+0.04
−0.04 0.54
+0.03
−0.00 0.87
+0.03
−0.06 0.249
+0.002
−0.002 0.79
+0.01
−0.01 1.16
+0.06
−0.05 0.6
+0.3
−0.2
2.8518 0.2981 1.334 0.51+0.02
−0.00 0.579
+0.009
−0.006 1.06
+0.07
−0.02 0.244
+0.001
−0.001 0.648
+0.007
−0.007 1.05
+0.02
−0.02 0.9
+0.3
−0.3 1.40
+0.06
−0.03
2.7984 0.2954 1.264 0.49+0.03
−0.02 0.54
+0.01
−0.01 1.1
+0.3
−0.1 0.2389
+0.0010
−0.0009 0.82
+0.01
−0.01 1.17
+0.02
−0.02 1.3
+0.2
−0.3 1.3
+0.2
−0.5
2.7984 0.2954 1.291 0.5+0.0
−0.1 0.49
+0.04
−0.06 0.9
+0.1
−0.1 0.228
+0.002
−0.002 0.742
+0.007
−0.007 0.97
+0.05
−0.04 1.5
+0.1
−0.2
Table 7: The raw numerical values for the energy levels for the
various values of β, κ, and λ for the anomalous cases, which have
been used in section 4.7. 1st, 2nd, and 3rd refer to the respective
levels in the corresponding channel.
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
2.5000 0.5000 1.0000 1.0+0.0
−0.3
2.3900 0.3500 1.0000 0.672+0.004
−0.004
2.3827 0.3335 1.018 1.34+0.01
−0.01 1.49
+0.07
−0.06 0.588
+0.004
−0.005 1.2
+0.8
−0.2
2.9026 0.3578 1.226 1.2+0.2
−0.2 0.548
+0.003
−0.002 1.0
+0.2
−0.1 0.9
+0.3
−0.1
2.3881 0.3214 0.9974 1.15+0.01
−0.01 1.25
+0.03
−0.03 0.54
+0.00
−0.01 1.5
+0.2
−0.4
2.2989 0.3208 0.8284 1.2+0.1
−0.1 1.22
+0.03
−0.03 0.5
+0.1
−0.1 1.00
+0.02
−0.02 1.4
+0.1
−0.2 1.5
+0.2
−0.3
2.4018 0.3176 1.018 1.102+−0.033
−0.008 1.18
+−0.05
−0.04 0.516
+0.003
−0.003 0.8
+0.3
−0.2 0.9
+0.2
−0.2
3.8980 0.4689 3.859 0.490+0.006
−0.006
4.5915 0.4647 3.219 1.1+0.1
−0.1 0.457
+0.005
−0.004 1.5
+0.4
−0.2
2.3100 0.3130 1.0000 0.881+0.006
−0.005 0.40
+0.07
−0.07 0.6
+0.1
−0.0 1.467
+0.004
−0.004 1.17
+0.04
−0.04 1.4
+0.1
−0.1
4.0000 0.3150 1.0000 0.9+0.1
−0.1 1.39
+0.07
−0.07 1.44
+0.03
−0.01 0.37
+0.00
−0.01 1.3
+0.2
−0.5
2.7000 0.3027 1.050 0.82+0.02
−0.02 0.98
+0.01
−0.07 0.37
+0.01
−0.01 0.9
+0.6
−0.3 1.432
+0.005
−0.005 1.5
+0.1
−0.5 0.5
+1.1
−0.2
2.7000 0.2968 1.050 0.75+0.00
−0.04 0.83
+0.01
−0.02 0.339
+0.003
−0.004 1.226
+0.009
−0.006
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Table 7 continued
β κ λ 0+1 (1
st) 0+1 (2
nd) 0+1 (3
rd) 1−3 (1
st) 1−3 (2
nd) 1−3 (3
rd) 0−1 2
+
1
3.8000 0.3000 1.0000 0.94+0.03
−0.02 1.29
+0.05
−0.03 0.328
+0.002
−0.002 1.39
+0.02
−0.02 0.5
+0.4
−0.4
2.7984 0.3072 1.317 0.72+0.02
−0.02 0.78
+0.07
−0.01 1.21
+1.15
−0.07 0.324
+0.004
−0.004 1.336
+0.003
−0.003
2.7000 0.2939 1.019 0.76+0.01
−0.09 0.8
+0.0
−0.1 0.315
+0.007
−0.008 0.91
+0.07
−0.09 1.207
+0.006
−0.006 1.5
+0.1
−0.1
3.2000 0.3150 1.600 0.69+0.03
−0.03 1.0
+0.0
−0.2 0.302
+0.004
−0.004 1.2
+0.3
−0.2 1.4
+0.1
−0.4 1.1
+0.2
−0.2
4.0000 0.2850 0.9700 0.73+0.03
−0.03 1.0
+0.0
−0.5 1.473
+0.004
−0.002 0.260
+0.002
−0.003 1.283
+0.008
−0.007 1.4
+0.1
−0.1
3.8800 0.2850 1.0000 0.6+0.1
−0.1 0.67
+0.03
−0.03 0.9
+0.1
−0.1 0.255
+0.002
−0.002 0.92
+0.09
−0.09 1.26
+0.01
−0.01
2.8177 0.2981 1.334 0.51+0.04
−0.03 0.58
+0.02
−0.01 1.14
+0.06
−0.04 0.237
+0.002
−0.002 0.80
+0.05
−0.05 1.04
+0.04
−0.03 1.0
+0.3
−0.4
4.0000 0.2679 1.0000 0.355+0.008
−0.007 0.54
+0.01
−0.01 0.8
+−0.3
−0.3 0.1319
+0.0007
−0.0007 0.414
+0.006
−0.005 0.6
+0.1
−0.2 0.33
+0.08
−0.05
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